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Exercise 1

First, we use the first order necessary condition to identify candidates for local minimum.
For the interior points, to satisfy ∇f(x)Td ≥ 0 for all feasible direction d, ∇f(x) has to be
zero. (Why? Consider the set of feasible directions at an interior point!) For an arbitrary
point x = (x1, x2)T at the boundary, for example, we let d = (−x1,−x2)T . It is easy to
verify that d is a feasible direction at x. (Why?) Calculate ∇f(x)Td < 0 and we know
none of the boundary points is a candidate for local minimum.

Second, we check the first order sufficient condition at x = (0, 0)T . The first order sufficient
condition fails to hold. This means we are not sure yet whether x = (0, 0)T is a local
minimum or not. Nevertheless, x = (0, 0)T remains to be a candidate.

Third, we check the second order necessary condition at x = (0, 0)T . It holds. This means
x = (0, 0)T remains to be a candidate.

Finally, we check the second order sufficient condition at x = (0, 0)T . It holds. This means
x = (0, 0)T is indeed a local minimum.

Exercise 2

First order necessary conditions give us the following candidates: (0, 0), (2, 0), (2, 1),
(2,−1), (−1, 0), (−1, 1), (−1,−1), (0, 1), (0,−1).

By checking the first order sufficient condition, we can prove that (2,−1), (2, 1), (−1, 1)
and (−1,−1) are local minima.

Check the second order necessary condition. We can show that (0, 0), (2, 0), (−1, 0), (0, 1),
(0,−1) are no longer candidates.

Compare the objective values at (2,−1), (2, 1), (−1, 1) and (−1,−1). We have optimal
solutions to be (2,−1) and (2, 1).

Exercise 3

We need a second order sufficient condition to show that x = (0, 1)T and x = (0,−2)T are
two local minima. (Can you develop this second order sufficient condition for constrained
minimization? It is not in the lecture notes.) Compare the function values at these points
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and we know x = (0,−2)T is the optimal solution.

( For example, x∗ = (0,−2) is a boundary point that satisfies the first-order necessary
condition. The feasible direction can be written as d = (d1, d2)T that −1 ≤ 0 + d1 ≤ 1
and −2 ≤ −2 + d2 ≤ 1. ∇f(x)|x∗d = (0, 2)d = 2d2 ≥ 0. Since ∃d = (d1, 0), d1 6= 0 such
that ∇f(x)|x∗d = 0, the first-order sufficient condition fails to hold. When ∇f(x)|x∗d = 0,
we have d2 = 0. Then dT∇2f(x)|x∗d = d2

1 ≥ 0, thus the second-order necessary condition
holds. Finally by checking the second-order sufficient condition, we know (0,−2)T is a
local minimum. )

Remarks. Please solve the problem 1, 2, and 3 step by step. The first-order necessary
conditions enable you to find candidates of local minima. Then you can obtain local minima
that satisfy the first-order sufficient conditions and keep others as candidates. Among the
remaining candidates, the second-order necessary conditions help kick out those points
that violate the conditions. Finally check the second-order sufficient conditions. Please
pay attention to the boundary points.

Exercise 4

See Figure 1, 2 and 3.
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Figure 1: Objective function of Exercise 1
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Figure 2: Objective function of Exercise 2
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Figure 3: Objective function of Exercise 3

Exercise 5

Proof We prove Jensen’s inequality by induction. Assume the inequality holds for m = n.
Whenm = n+1, for any xi and αi (i = 1, 2, ..., n+1) satisfying the requirements in theorem,
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we have

f(
n∑

i=1

αix
i + αn+1x

n+1) ≤ (1− αn+1)f(
n∑

i=1

αi

(1− αn+1)
xi) + αn+1f(xn+1)

≤ (1− αn+1)
n∑

i=1

αi

(1− αn+1)
f(xi) + αn+1f(xn+1)

=

n+1∑
i=1

αif(xi)

The first inequality holds because f is convex function and set Ω is also convex. The second
inequality follows from the induction assumption for m = n. In all, the theorem holds for
all m ∈ N+.

Exercise 6

1. For any two points x1, x2 ∈ Ω and α ∈ [0, 1], we have

(f1 + f2)(αx1 + (1− α)x2)

≤ (αf1(x1) + (1− α)f1(x2)) + (αf2(x1) + (1− α)f2(x2))

= α(f1 + f2)(x1) + (1− α)(f1 + f2)(x2).

Hence, f1 + f2 is convex on Ω.

2. Given β ≥ 0, for any two points x1, x2 ∈ Ω and α ∈ [0, 1], we have

βf(αx1 + (1− α)x2) ≤ β(αf(x1) + (1− α)f(x2))

= αβf(x1) + (1− α)βf(x2).

Hence, βf is convex on Ω.
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Exercise 7

Proof Denote the set S′ = {x ∈ S| supω∈Ω fω(x) < ∞}. For any two points x1, x2 ∈ S′
and α ∈ [0, 1], we have

f(αx1 + (1− α)x2) = sup
ω∈Ω

fω(αx1 + (1− α)x2)

≤ sup
ω∈Ω
{αfω(x1) + (1− α)fω(x2)}

≤ sup
ω∈Ω

αfω(x1) + sup
ω∈Ω

(1− α)fω(x2)

= αf(x1) + (1− α)f(x2)

<∞

where the first inequality follows from the definition of convex function for fω; the second
inequality follows because of the property of supremum. Note that αx1 + (1 − α)x2 ∈ S′
because of the above inequality. Therefore, S′ is convex, and f is a well-define convex
function over S′.

Exercise 8

Let f1(x) = x2 for x ∈ E1 and f2(x) = −x for x ∈ E1. Then f1 and f2 are both convex
on E1. But f2(f1(x)) = −x2 is concave on E1 because the Hessian matrix for f2(f1(x)) is
−2 < 0. This counter example demonstrates that the non-decreasing requirement for f2 is
essential to the validity of the statement.

Exercise 9

What the question is asking is the following: if a function f has the property “on any
convex set S, the local minimum of f is also global minimum of f on S”, will f be a
convex function?

First of all, think about a concave and monotonic function, for example −ex.

Then think about a monotonic function that is neither convex nor concave, for example
x3.

Now, Google “quasi-convex functions”.
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