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LINEAR FRACTIONAL FUNCTIONALS PROGRAMMING

Kanti Swarup

University of Delhi, Delhi 7, India
(Received August 8, 1964)

The present paper deals with the problem of maximizing the ratio of two
linear functions subject to a set of linear equalities and nonnegativity
constraints on the variables. The problem is attacked directly, beginning
with a basic feasible solution and showing the conditions under which the
solution can be improved. Conditions for optimality criteria are estab-
lished. The method followed is similar to ‘simplex technique’ in linear
programming.

THIS paper deals with certain characteristics of programming with linear frac-
tional functionals. Such programming problems have recently been a subject
of wide interest in nonlinear programming. An example of fractional programming
was dealt with by J. R. IseeLL anp W. H. Marrow.[!  Five programming games
have this form when forces are in the field and the decision means a distribution of
fire of each type of unit among the several possible types of targets. The method
explained here will be useful in the solution of economic problems in which the
different economic activities utilize fixed resources in proportion to the level of their
values. The purpose of optimization, however, is not the definition of a revenue,
allocation, or economizing extremum (as in linear programming), but the extremum
of a specific index number, usually the most favorable ratio of revenues and alloca-
tions.

In a recent paper'” CmaRNEs aNDp CooPER solved a programming problem
with linear fractional functionals by resolving it into two linear programming
problems. For example, suppose it is required to:

maximize R(X)=(c'X+a)/(d'X+8),
subject to AX=b,
X0, 1)
where (i) X, ¢, and d are n X1 vectors,
(ii) A4 ismXnmatrix, 4 =] aij || @=1, -+ ,mj =1, ,n)

(ili) b is m X1 vector,
(iv) ¢’, d' denote the transpose of vectors ¢ and d,

and (V) a, B are scalar constants.
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Further it is assumed that the constraints of (1) are regular, so that the solution set
S={X/AX=b, X220} is nonempty and bounded.

For this purpose they solved the following two ordinary linear programming
problems (under transformation Y =¢X).

maximize ¢'Y+at
subject to AY—-bt=0,
d'Y+pt=1, 2
Y, t=0,
and maximize —c'Y—at,
subject to AY—bt=0,
—d'Y—-pt=1, 3)
Y, t=0.

The object of this paper is to give an algorithm for the solution of programming
with linear fractional functionals without reducing it to linear programming prob-
lems. In order to arrive at the Algorithm we have first to prove Theorem 1, given
below; thereafter the algorithm for solving programming with linear fractional
functionals is investigated. All this is possible if we further assume that set of
any ‘m’ columns of matrix ‘A’ are linearly independent.

WE sHALL begin by proving the following theorem:
TaeoreM 1. The mazimum of R(X) will occur at the basic feasible solution of
AX =band X 20.

To prove this theorem we shall require the following Lemma established in
reference 2:
LemMa. Every Y, t satisfying the constraints

AY—-bt=0,
d'Y+Bt=7,
Y, t20 (v5£0 is a specified number),

has £>0.

Proof. The maximum of ¢'Y +at or —c'Y —at will occur at the basic feasible
solution of (2) or (3) respectively.

Let us consider the problem of maximizing

¢’ Y+at,
subject to (2).

Any basic feasible solution of (2) consistent with the regularity of S has always
t>0 strictly. Now (2) involves (n+1) variables and (m-1) constraints. The
number of basic variables in any basic feasible solution will be m+1 and one of the
basic variables will always be ¢ (S being regular). Let, in any basic feasible solu-
tion, other basic variables be y1 s, - - - , ym. Without loss of generality we can say
that they are the first m variables of (2).
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Now the matrix
an [270] e Qim
B an flzz S Qgm

QA1 Uz v Qmm

formed by the coefficients of the corresponding variablest i, #s, - -« , Z» [which
with 2z =0, k=m+1, - -, n provides a feasible solution of (1)] in (1) is nonsingu-
lar, since any ‘m’ columns of A are linearly independent.

Thus we conclude that to every basic feasible solution of (2) consistent with
the regularity of S, there corresponds a basic feasible solution of (1) connected by
the relation ¥ =tX. ‘

We know in reference 2 tharif (Y*, ¢*) is the optimal solution of ¢’Y +at sub-
ject to (2), then Y*/t* = X* is the optimal solution of R(X) subject to (1). (Y*,
t*) is the basic feasible solution of (2); therefore X* will be the basic feasible solu-
tion of (1).

Hence the theorem is proved.

ALGORITHM

Now wr solve the linear fractional functionals programming problem.

Maximize (' X+a)/(d'X+B)=R(X)
subject to AX=b,
Xz0,

with the additional assumption the denominator ts positive for all feasible solutions.
Let X5 be the initial basic feasible solution: such that

BXp=b,
or Xp=B"MW,
where B=(by, bs, -+, bm),
Xp20.
Further let A=cp'Xp+ta,
and 2*=dp’Xp+8,

where ¢z’ and dp’ are the vectors having their components as the coefficients associ-
ated with the basic variables in the numerator and the denominator of the objective
function respectively. In addition we assume that for this basic feasible solution
u;=B"a;,
zi'=cp'uy,
z,~2=d3’u,-,
are known for every column a; of A4 not in B.
We now wish to examine the possibility of finding another basic feasible solution

with improved value of z=2!/2%; we shall confine our attention to those basic
feasible solutions in which only one column of B is changed. As in reference 4 if

t x, corresponds to the variable y,.
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the new basic feasible solution is denoted by X 5, then X5 =B,
where B= (b1, bay -+, bm),

i.e., a new nonsingular matrix obtained from B by removing by and replacing it by
a;. The columns of the new matrix B are given by

i=bi, (E=7)

y=aj.

S O

We obtain the value of the new basic variables in terms of the original ones and
the Uijy i.e.,
Lpi=2pi—2py (Wij/Urj),

N i#7)
Tpy=Tpy/Ur;=0(s2Y), (

where =D Ui b

Our main interest was in ﬁndmg a new basic feasible solution with an improved
value of the objective function. Having found a new basic feasible solution we
must determine whether ‘2’ is improved. The value of the objective function for
the original basic feasible soultion is z=2!/2% Let the new value of the objective
function be

Z=3Y/22.
As in reference 4 we have
Z=2140(c;—2;'),
and 2=224-0(d;—2;2);

here z;! and 2,2 refer to the original basic feasible solution.
The value of the objective function will improve if

2>z,
or [t +8(c;—2M)]/[e24+0(d;—2%)]> 21/ 22,
or [et+6(c;—2")]/[2*+0(di—2;?)]—2*/22>0,
or 2221 4-0(c;—21)]—2 2?40 (di—2,2) ] >0.

(2? and 2% are positive, since the denominator of the objective function is positive
for all feasible solutions.)
22 (cj—2it) — 2 (dj—22) >0

(0 being positive in the nondegenerate case if =0, z=z).
Let Aj=22(c;—2z;Y) —2A(d;—22).
Now A, is greater than zero if
Case I
2i2—d; <0,
(zi'—c;)/ (2/2—dj) > 22/ 22

Case I
2;2—d;>0,

(2 —¢5)/ (22—dj) <z'/2%.
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Case II1
ij—dj=0,

2it—¢;<0.

We deduce that given a basic feasible solution Xz =B, if for any column a; in 4
but not in B, A;>0 holds, and if at least one u;;>0 (¢=1,2, --- ,m) then it is
possible to obtain a new basic feasible solution by replacing one of the columns in
B by a; and the new value of the objective function satisfies Z = 2.

We now show that for any a; in 4 not in B at least

one ui;>0. (¢=1,2,.--,m)
If possible let all u:;<0; (i=1,2, .-+, m)
we have the basic feasible solution
> xpi bi=b. )
Suppose that we add and subtract § a; (# is any scalar) to (4) we obtain
Z::;n zpi bi—0 a;+06 a;=b. ()
Since —fa;= —H-Z::;n us; by, (6)

using (3) in (2) we have ) i
_ DT (@pi—0 wij)bit+d a;=b;
when 6>0 we have
zpi—0 ui; 20.
Since by assumption ui; =0, (Z=1,2, ---, m)

therefore, 25;—0 ugj, -+ , Tom —0 un; and § is a feasible solution for all § >0. Thus
the set S is unbounded contrary to our hypothesis of regularity.

In the algorithm we have shown that if we start with a basic feasible solution
and if there is a vector a; not in the basis having

AJ'>07 (7)

then there exists another basic feasible solution such that z =z.

If degeneracy is not present, 2>2z. Thus we can movefrom one basis to another,
changing one vector at a time so long as there is some a; not in the basis with con-
dition (7), and at each step z is increased.

This process cannot continue indefinitely because there are only a finite number
of basis and in the absence of degeneracy no basis can ever be repeated, since z is
increased at every step and the same basis cannot yield two different values of z,
while at the same time the maximum is to occur at one of the basic feasible solu-

ions.

This process will terminate only in one way, i.e., when all A; <0 for the columns
of ‘A’ not in the basis.

Now for those columns of A that are in the basis

zit=cp'uj=cp'B 'a;=cp'Bbi=c;,
and Zj2=d3’uj=dB'B_laj=dBIB_lbi=dj.

Therefore Aj=2*(c;—z;") —2'(d; —2;%) =0.
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Thus we summarize the result as follows:
Given a basic feasible solution Xz =B~ with

20=(cp' X p+a)/ (ds'X 5+8)

TABLE I
az a4 a s
3 N x k2 Xpiftij
dgl ¢zl cj— o o 5 3
di— o o 5 2
o o *=15 I ° 3 5 155=5
o o %4=10 o 1 5 2 10g =2
=1 =0 z=0
cj=z;' o o 5 3
dj—3 o o 5 2
A - - 5 3
to the problem:
maximize z=(c'X+a)/(d'X+B),
subject to AX=
X=0,

such that A; <0 for every column of a; in A. Then z,
and the basic feasible solution is an optimal solution.

is the maximum value of z

TABLE II
ag a4 ay as
% o % %2 xpi/ Ui
) sl ¢ o o 5 3
dj— o o 5 2
o o x3=9 1 -3 o 194 45y
5 5 x=2 o ¥ 1 % 5
2=11 =10 z=104
cj—zt o —1I o 1
dj—3 o -1 o o
Aj — —1I — 11

WE 1LLUSTRATE the algorithm by solving a numerical example.

Maximize

subject to

NUMERICAL EXAMPLE

(511—'—3.’122)/ (5$1+2ZI)2+1),
3x1+5x2§ 15,
5$1+2.’1)2§ 10,

1131,55220.
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After adding slack variables, the problem in the standard form is
maximize (5214 3xs) / (5x1+22241)
subject to 3r1+bratas =15,
5{81+2.’D2 +CII4= 10,
xng. <‘7=17 2; "'14)
TABLE III
as Q4 ay ay
X3 EA %1 X2 *pi/tij
dgl el cj— o o 5 3
: di— o o 5 2
2 3 xp=41319 Ao -3 o 1
5 5 1n=2%y —%o o 1 o 4
2=209{g | A=235{q | z=235509
=z —Ho =149 o o
dj—z;* o -1 o o
Ay —1045461 21861 | — | —

5 1 0

A=

3
5 2 0 1 =(a1, G2y A3, a4).

Any two columns of A are linearly independent. We immediately have an
initial basic feasible solution with (a3, as) in the basis, the variables z; and z, have

TABLE IV
as a4 (41 az
%s %4 % k2 *pi/ Wi
dsl sl 6> o o 5 3
di— o o 5 2
2 3 =3 }%4 o 3% 1
) ) x=4 -2 1 1% o
P=7y =g =%
ci—3;! -3 o 164 o
di—z* —-% o 19 o
Aj —3 - | %% —

zero coefficients in the numerator and the denominator of the objective function,

and thus we have

o) aelt) ne()

Now let us consider Tables I-IV.
In Table I we find

A1=5, Ty =
A1=3,
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we choose max A; (i.e., A; here). Thus z can be increased by taking a; into the
basis. The method to determine departing variables and also the new values of
i, X B, 21, 2;2 corresponding to new basic feasible solutions will be the same as for
a linear programming problem. Thus here z, is a departing variable.

In Table IV all A;<0. Thus we have reached maximum z=9¢ and the opti-
mum solution

x2=3, =0,
T4= 4. I3= 0.
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TIMING OF CHECK OUT BEFORE A CRITICAL EVENT

A. J. Truelove*
C-E-I-R Inc., Beverly Hills, California
(Received January 12, 1965)

A system with constant failure rate must be operable at time 7. Prior
to this we permit only one check-out, and one repair if necessary. How
far should we ‘back off’ from 7' in scheduling check out? Approximate
solutions are derived for exponential and log-normal repair time distri-
butions, with graphical results in the latter case.

N RECENT years, intensive studies have been made of maintenance policies
for systems whose times-to-failure and repair times are random variables.
Some of these, together with a survey paper, are listed in the references. It is
clear that results that hold for systems whose span of operation is finite, or that
need to operate only on demand, may differ from results for systems operated in-

* Part of this work was done at The Rand Corporation under Contract NASr-
21(08) for Headquarters, National Aeronautics and Space Administration.
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