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The present paper deals with the problem of maximizing the ratio of two 
linear functions subject to a set of linear equalities and nonnegativity 
constraints on the variables. The problem is attacked directly, beginning 
with a basic feasible solution and showing the conditions under which the 
solution can be improved. Conditions for optimality criteria are estab- 
lished. The method followed is similar to 'simplex technique' in linear 
programming. 

THIS paper deals with certain characteristics of programming with linear frac- 
tional functional. Such programming problems have recently been a subject 

of wide interest in nonlinear programming. An example of fractional programming 
was dealt with by J. R. ISBELL AND W. H. MARLOW.R1] Five programming games 
have this form when forces are in the field and the decision means a distribution of 
fire of each type of unit among the several possible types of targets. The method 
explained here will be useful in the solution of economic problems in which the 
different economic activities utilize fixed resources in proportion to the level of their 
values. The purpose of optimization, however, is not the definition of a revenue, 
allocation, or economizing extremum (as in linear programming), but the extremum 
of a specific index number, usually the most favorable ratio of revenues and alloca- 
tions. 

In a recent paper[" CHARNES AND COOPER solved a programming problem 
with linear fractional functionals by resolving it into two linear programming 
problems. For example, suppose it is required to: 

maximize R(X) = (c'X+o))/(d'X+f3), 

subject to AX=b, 

XO, 

where (i) X, c, and d are n X1 vectors, 

(ii) A is mXn matrix, A-| aij 11 (i=1 * *m;j =1, . * f n) 

(iii) b is mXI vector, 

(iv) c', d' denote the transpose of vectors c and d, 

and (v) a, 3 are scalar constants. 



1030 Letters to the: Editor 

Further it is assumed that the constraints of (1) are regular, so that the solution set 

S= {X/AX=b, XO} is nonempty and bounded. 

For this purpose they solved the following two ordinary linear programming 
problems (under transformation Y = tX). 

maximize c' Y+at 

subj ect to A Y-bt=O. 

d'Y+13t=1, (2) 

Y. too, 

and maximize -c'Y-at, 

subject to A Y-bt=O. 

-d'Y-3t=1, (3) 

Y, t?O. 

The object of this paper is to give an algorithm for the solution of programming 
with linear fractional functionals without reducing it to linear programming prob- 
lems. In order to arrive at the Algorithm we have first to prove Theorem 1, given 
below; thereafter the algorithm for solving programming with linear fractional 
functionals is investigated. All this is possible if we further assume that set of 
any 'm' columns of matrix 'A' are linearly independent. 

WE SHALL begin by proving the following theorem: 
THEOREM 1. The maximum of R(X) will occur at the basic feasible solution of 
AX =b and X >O. 

To prove this theorem we shall require the following Lemma established in 
reference 2: 
LEMMA. Every Y, t satisfying the constraints 

A Y-bt=O, 

d'Y+at =y, 
Y, t>O (y-yO is a specified number), 

has t>O. 
Proof. The maximum of c'Y +at or -c'Y -at will occur at the basic feasible 

solution of (2) or (3) respectively. 
Let us consider the problem of maximizing 

c' Y+at, 
subject to (2). 

Any basic feasible solution of (2) consistent with the regularity of S has always 
t>0 strictly. Now (2) involves (n + 1) variables and (m +1) constraints. The 
number of basic variables in any basic feasible solution will be m +1 and one of the 
basic variables will always be t (S being regular). Let, in any basic feasible solu- 
tion, other basic variables be Yi Y2, * * , Yi. Without loss of generality we can say 
that they are the first m variables of (2). 
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Now the matrix 
all ai2 aim 

B = Uii a22 ... aim 

amt am2 am 

formed by the coefficients of the corresponding variablest Xl, X2} . *, Xm [which 
with Xk 0, k =m +1, *, n provides a feasible solution of (1)] in (1) is nonsingu- 
lar, since any 'm' columns of A are linearly independent. 

Thus we conclude that to every basic feasible solution of (2) consistent with 
the regularity of S, there corresponds a basic feasible solution of (1) connected bv 
the relation Y = tX. 

We know in reference 2 thar if (Y*, t*) is the optimal solution of c'Y +at sub- 
ject to (2), then Y*/t* =X* is the optimal solution of R(X) subject to (1). (Y*, 
t*) is the basic feasible solution of (2); therefore X* will be the basic feasible solu- 
tion of (1). 

Hence the theorem is proved. 

ALGORITHM 

Now WE solve the linear fractional functionals programming problem. 

Maximize (c'X+a)/ (d'X+/) = R (X) 

subject to AX=b, 
X?0, 

with the additional assumption the denominator is positive for all feasible solutions. 
Let XB be the initial basic feasible solution: such that 

BXB=b, 
or XB=Bulbs 
where B= (bl, b2, * bm), 

XB>-. 

Further let Z1-CBXB+a, 

and z2 =dB XB+?, 

where c ' and dB' are the vectors having their components as the coefficients associ- 
ated with the basic variables in the numerator and the denominator of the objective 
function respectively. In addition siwe assume that for this basic feasible solution 

u1J = B-la;, 

Zjl =C C uj, 

Zj2 =dB 82, 

are known for every column aj of A not in B. 
We now wish to examine the possibility of finding another basic feasible solution 

with improved value of z =z1/z2; we shall confine our attention to those basic 
feasible solutions in which only one column of B is changed. As in reference 4 if 

t x, corresponds to the variable y,. 
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the new basic feasible solution is denoted by XB, then XBk=A-1by 
where B= (61, &2, ' * * , 6.) 

i.e., a new nonsingular matrix obtained from B by removing by and replacing it by 
aj. The columns of the new matrix B are given by 

bi-bi, F4- (y) 

by=ai. 

We obtain the value of the new basic variables in terms of the original ones and 
the uij, i.e., 

XBi =XBi -XBY ,(Uq j1U'j)' 

XBTy=XB7/U- j = O (say), 

where aj uji j be. 

Our main interest was in finding a new basic feasible solution with an improved 
value of the objective function. Having found a new basic feasible solution we 
must determine whether 'z' is improved. The value of the objective function for 
the original basic feasible soultion is z =zl/z2. Let the new value of the objective 
function be 

As in reference 4 we have 
2l = Z1+0(ci Zj1)' 

and 22=Z2+0(dj-Zj2); 

here zl and z.2 refer to the original basic feasible solution. 
The value of the objective function will improve if 

2>z1 

or [z1+0(cj-z31)I/tz2+0(d;-zj2)I >z'/z2, 

or [z+(j Zj1) ]1[Z2+@(dj 
- 

Zjl) ZI/Z2 >0, 

or z2VZI+O(Cj-zj ) I-Z1[Z2+O(dj Zj2)]>0. 

(z2 and z2 are positive, since the denominator of the objective function is positive 
for all feasible solutions.) 

x2 (Cj- Zil) 
- ZI (di-zj2) > 

(0 being positive in the nondegenerate case if 0=0, z =z). 

Let A 
=Z2(Ci-Zjl) -Zl(dj-zj2 

Now Aj is greater than zero if 

Case I 
zj2-d3<o, 

(zj1-Cj)1(zj2-dj) >Zl/Z2. 

Case II 
zj2-d,>0, 

(Zjl - Cj)/ (Zj2-di) <zt/z2. 
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Case III 
zj2-dj=O, 

Zjl-C c<O. 

We deduce that given a basic feasible solution XB =B-b, if for any column aj in A 
but not in B, Aj>O holds, and if at least one uj>O (i=1,2, - - ,m) then it is 
possible to obtain a new basic feasible solution by replacing one of the columns in 
B by aj and the new value of the objective function satisfies z > z. 

We now show that for any aj in A not in B at least 

one uij>O. (i=1, 2, ***, m) 
If possible let all uij_<; (i=1, 2, *--, m) 

we have the basic feasible solution 

_ Xgi bi=b. (4) 

Suppose that we add and subtract 0 aj (0 is any scalar) to (4) we obtain 

D=1 Xri b 0 
aj+? aj= b. (5) 

Since -? ar =-6Z'i- ui bi, (6) 

using (3) in (2) we have 
D-1 (XBi-6 ui)bi+6 a1=b; 

when 0 >0 we have 
X~si-O Uii_0.!O 

Since by assumption uiy<O, (i=1, 2, ..., m) 

therefore, XBi -O Uij, * B * M-O Umj and 0 is a feasible solution for all 0 >0. Thus 
the set S is unbounded contrary to our hypothesis of regularity. 

In the algorithm we have shown that if we start with a basic feasible solution 
and if there is a vector aj not in the basis having 

A~j>O, (7) 

then there exists another basic feasible solution such that z ?z. 
If degeneracy is not present, z >z. Thus we ean movefrom one basis to another, 

changing one vector at a time so long as there is some aj not in the basis with con- 
dition (7), and at each step z is increased. 

This process cannot continue indefinitely because there are only a finite number 
of basis and in the absence of degeneracy no basis can ever be repeated, since z is 
increased at every step and the same basis cannot yield two different values of z, 
while at the same time the maximum is to occur at one of the basic feasible solu- 
ions. 

This process will terminate only in one way, i.e., when all Aj <0 for the columns 
of 'A' not in the basis. 

Now for those columns of A that are in the basis 

Zil = CBIUj-CB'B 'aj=CB'B1b i = cj, 
and zj2'=dBuj =hdB'B-Ia =dBIB-lbi=dj. 

Therefore Aj = z2(cj -zjl) -z' (dj -z .2) == 0 
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Thus we summarize the result as follows: 
Given a basic feasible solution XB =B-'b with 

ZO= (CB'XB+a)/(dB'XB+f) 

to the problem: 
maximize z= (c'X+a)/(d'X+f), 
subject to AX=b, 

X>o, 

such that Aj ?0 for every column of aj in A. Then zo is the maximum value of z 
and the basic feasible solution is an optimal solution. 

NUMERICAL EXAMPLE 

WE ILLUSTRATE the algorithm by solving a numerical example. 

Maximize (5x1+3X2)/ (5X1+2X2+1), 

subject to 3x1+5X2 ' 15, 

5x1+2X2- 10, 

X1,X2>0. 

TABLE I 

a3 a4 a, a2 

X3 X4 XI X XBi/Uij 

dBI CBI cj--> > 0 0 5 3 
dj--o 0 0 5 2 

o 0 X3=5 I 0 3 5 35 
o 0 X4= 0O 0 I 5 2 1Y52 

z2= I z1=0 Z=O 

Cj=Zjl 0 0 5 3 
dj-z-2 0 0 5 2 

-j 5 3 

TABLE II 

a3 a4 a, a2 

X3 XS4 XI X2 XBi/Hij 

d)31 CB I cj-> 0 0 5 3 
dj--o 0 0 5 2 

0 0 X3 9 I _ -0 1 9i 9 

XI= 2 0 I0 
1 1 

5 5 X1 =2 O 1/ 2 5 5 Y~~~~~~~~~,55 5 
z2= II zl= Io Z='/9i 

cj-zjl 0 -I 0 I 

dj- zj ?1 0 I 0 0 

A1 - II 
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After adding slack variables, the problem in the standard form is 

maximize (5x,+3x2)/(5x1+2x2+1) 

subject to 3x,+5x2+x3 -15, 

5.xl+2X2 +X4= 10, 

Gj~O. (ja=1,22 .'4 

3 5 1 0 =(ala2,aaa4). 
52 0 1 

Any two columns of A are linearly independent. We immediately have an 
initial basic feasible solution with (a3, a4) in the basis, the variables x3 and X4 have 

zero coefficients in the numerator and the denominator of the objective function, 
and thus we have 

CB 

? ) ( VI ) (B 10 ) 

Now let-us consider Tables I-IV. 
In Table I we find 

A1=5 XI = 0, 
A2=3, X3 = 0. 

TABLE III 

a3 a4 a, a2 

X3 X4 X1 X2 XBi/Uij 
dBj Cl 0 0 5 3 

dj--o 0 0 5 2 

2 3 x2=49 1 9 0 I 

5 x1=2-2X9 2i9 %49 I 0 4 
i= 20ylg Zl=235V? m 2352O9 

cj 
- 

zjl - Y169 0 0 

dj-zj2 0 -I 0 0 
- 1045/ 112 Aj ~/361 '1A61 - - 

TABLE IV 

.3 a4 a, 1 

a3 a 4 XI X2 XBil/ij 

dBI CBI- Cj+ 0 0 5 3 
0- 0 5 2 

2 3 X2-3 1 0 % I 

0 0 X4 =4 Y 
Zoo 7 zl= g Z = I 14 0 

Ci-Zi 1 ~ 3 0 16 0 

dj-Zjj2 -E 0 19% 0 

Aj -5 - -/5 - 
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we choose max Aj (i.e., A1 here). Thus z can be increased by taking a, into the 
basis. The method to determine departing variables and also the new values of 
ui1, XB, Zj1, Zj2 corresponding to new basic feasible solutions will be the same as for 
a linear programming problem. Thus here X4 is a departing variable. 

In Table IV all Aj3 0. Thus we have reached maximum z =N and the opti- 
mum solution 

X2=3, X1=0, 
X4-4. X3=0. 
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TIMING OF CHECK OUT BEFORE A CRITICAL EVENT 

A. J. Truelove* 

C-E-I-R Inc., Beverly Hills, California 

(Received January 12, 1965) 

A system with constant failure rate must be operable at time T. Prior 
to this we permit only one check-out, and one repair if necessary. How 
far should we 'back off' from T in scheduling check out? Approximate 
solutions are derived for exponential and log-normal repair time distri- 
butions, with graphical results in the latter case. 

IN RECENT years, intensive studies have been made of maintenance policies 
for systems whose times-to-failure and repair times are random variables. 

Some of these, together with a survey paper, are listed in the references. It is 
clear that results that hold for systems whose span of operation is finite, or that 
need to operate only on demand, may differ from results for systems operated in- 

* Part of this work was done at The Rand Corporation under Contract NASr- 
21(08) for Headquarters, National Aeronautics and Space Administration. 


	Article Contents
	p. 1029
	p. 1030
	p. 1031
	p. 1032
	p. 1033
	p. 1034
	p. 1035
	p. 1036

	Issue Table of Contents
	Operations Research, Vol. 13, No. 6, Nov. - Dec., 1965
	Volume Information [pp.  1063 - 1082]
	Front Matter [pp.  i - x]
	A Multiphase-Dual Algorithm for the Zero-One Integer Programming Problem [pp.  879 - 919]
	Discounted Markov Programming in a Periodic Process [pp.  920 - 929]
	Chance Constrained Programming with Joint Constraints [pp.  930 - 945]
	A Computer Code for Integer Solutions to Linear Programs [pp.  946 - 959]
	A Resource Allocation Problem [pp.  960 - 988]
	Bayesian Determination of the Reorder Point of a Slow Moving Item [pp.  989 - 997]
	Nonpartisan Political Redistricting by Computer [pp.  998 - 1006]
	Optimization of Maintenance Resources [pp.  1007 - 1019]
	Queuing with Nonpreemptive and Preemptive-Resume Priorities [pp.  1020 - 1022]
	Letters to the Editor
	A Sample Survey of Industrial Operations-Research Activities II [pp.  1023 - 1027]
	Note on a Coverage Problem [pp.  1027 - 1029]
	Linear Fractional Functionals Programming [pp.  1029 - 1036]
	Timing of Check Out before a Critical Event [pp.  1036 - 1044]
	Third International Symposium on the Theory of Traffic Flow [pp.  1045 - 1051]

	The Analyst's Bookshelf
	untitled [pp.  1052 - 1057]
	untitled [pp.  1057 - 1059]
	untitled [pp.  1059 - 1060]
	Books Received [pp.  1060 - 1061]
	Notes [pp.  1061 - 1062]

	Back Matter [pp.  1065 - xxxvi]





