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Abstract

This paper considers the Stochastic Queue Center problem, which seeks to locate a single facility with
a center-type objective in an M/G/1 queue operating environment. The objective function that we consider is
to minimize a positive weighted linear function of the square of the average response time and the variance of
the response time to a call. The Stochastic Queue Center problem is discussed on both a discrete and
a network location topology. When potential facility locations are restricted to a "nite set of discrete points,
an e$cient algorithm is developed to solve for the optimal facility location parametrically in the arrival rate.
By exploiting convexity properties of the objective function, we develop an e$cient "nite-step algorithm to
"nd the Stochastic Queue Center on a network. The major conclusion of this work is that incorporating the
variance term in the objective function has a major impact on the choice of the optimal location. We illustrate
the results with an example drawn from a potential application of the model for locating an emergency
transport center serving di!erent municipalities in Camden County, NJ. ( 1999 Elsevier Science Ltd. All
rights reserved.
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1. Introduction

A sizable body of literature exists in the area of explicitly incorporating queuing e!ects
when locating facilities with a median type of objective function. The two seminal papers in this
area are that of Berman et al. [1] which analyzes the Stochastic Queue Median model for the
location of a single server on a network operating as an M/G/1 queue, and that of Chiu
et al. [2] which specializes the Berman et al. [1] results for the case of a tree network.
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Nomenclature

N number of demand points
j
j

Poisson arrival rate from demand point j
j system-wide average arrival rate
h
j
"j

j
/j fraction of calls originating from demand point j

v speed of travel from home location
b factor that determines relationship between travel speed to home location and from

home location
v/(b!1) speed of travel to home location; b'1
N¹

j
non-travel related service time at demand j

d(x, j) distance between home location x and demand point j
t(x) travel time to a call
S(x) service time of a call
Q(x, j) queuing delay incurred by a call
¹R(x, j) response time of a call
Zi ith moment of random variable Z
p2
Z

variance of random variable Z

Numerous specializations exist for the basic Stochastic Queue Median model, which model
phenomena like the e!ect of queuing disciplines, discrete location topologies, continuous
location topologies asides from that of a network, multiple servers, etc.; for example, see Berman
et al. [3], and Batta et al. [4]. Based on a need for incorporating both the mean and the
variability of response time, a `center-typea objective function would seem to be more appropriate
for some applications.

This type of objective function has been addressed in deterministic location literature as
`cent-diana models by Halpern [5] and `medi-centera models by Mirchandani and Francis [6].
Halpern shows that the `cent-diana problem can be solved as a median problem incorporating the
center of the vertices as a vertex in the graph with an appropriate weight. However, very scant
research e!ort has been devoted to the area of developing and analyzing stochastic models that
explicitly incorporate queuing e!ects when locating facilities with a center type of objective
function. The sole e!ort known to the authors is that of Brandeau and Chiu [7], in which they
consider the objective of minimizing the maximum average response time to a call on a network
topology. The objective function used by Brandeau and Chiu focuses solely on the average
response time to a call, which tends to ignore the fact that response time itself is a random variable.
Our objective function, on the other hand, does recognize this fact.

The objective of our Stochastic Queue Center problem is to locate a single facility operating as
an M/G/1 queue in steady state so as to minimize a weighted linear combination of the square of
the average response time and the variance of the response time. We note that an extended abstract
which incorporates the problem formulation and the discrete location case has been presented
earlier by Jamil [8].
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The rest of this paper is organized as follows. Section 2 formulates the stochastic queue center
problem. Sections 3 and 4 analyze this problem under discrete location and network topology cases
respectively, and both are illustrated via the real-life example of locating a municipal transport
center in Camden County, NJ. Section 5 summarizes the "ndings of the work.

2. Formulation

We consider a queuing service system with a single server who returns to its `home locationa
between calls. Such a situation is appropriate for emergency transport services like the transport of
prisoners by the Sheri!'s Department. In that application, municipal transport involves a two-step
process of bringing prisoners from the municipal police stations to a temporary holding facility
(also the home location), and then moving them from the holding facility to the county courthouse
or jail. Until the person arrested is handed over to the transport service, the arresting o$cers
cannot go back for another call or patrolling. This, in e!ect, means that the "rst step is critical
emergency service to prevent police o$cers' downtime and is discussed in detail in Sections 3 and 4.
This return of the server to the home location is also appropriate for ambulance service whose
home location is a hospital.

In case the server is not free, the calls are places in a queue served under a First-Come-First-
Served discipline. This depletion of queue is appropriate from a fairness standpoint. For the
municipal transport example, the performance and funding of the Sheri!'s Department is
predicated on the perception of fairness by each of its serving municipalities. Travel from home
location to the site of a call and back is assumed with a constant speed. This is a reasonable
approximation since an emergency transport is considered. Shortest-time path travel is considered
since response time is the key performance indicator for emergency services. Response time of
a call includes queuing delay and travel time from the server's home location to the site of the call.
Service time incorporates travel in both directions and services provided both at the site of the
call and the home location. The calls are assumed to be generated from a "nite set of in"ni-
tesimal demand points. For the municipal transport example this would be the municipal
police stations located throughout the county. The calls arrive from each demand point randomly
by a time-homogeneous Poisson process in the time window of investigation. Note that any change
in the arrival rate can be addressed via a sensitivity analysis with respect to the average arrival rate.

Based on the system characteristics discussed, the service times are independent and identically
distributed, and the M/G/1 operating queuing system is appropriate, similar to those used by
Berman et al. [1]. In order for the Stochastic Queue Center model to capture the `center-typea
objective, the mean and variance can be incorporated in two ways:

(a) Minimize ¹R(x, j); s.t. p2
TR(x,j))constant,

or
(b) Minimize p2

TR(x,j) ; s.t. ¹R(x, j))constant.

While both formulations are similar in spirit, we use formulation (a) for this paper since it builds on
the Stochastic Queue Median objective and best replicates the `mental modela that the primary
objective is to minimize the mean response time.

M. Jamil et al. / Computers & Operations Research 26 (1999) 1423}1436 1425



Furthermore, consider the formulation (a@): Minimize (¹R(x, j))2 ; s.t. p2
TR(x,j))constant. Given

the monotonic nature of ¹R(x, j), formulations (a) and (a@) are `equivalenta. Formulation (a@) can
be analyzed by incorporating the variance constraint into the objective function in a manner
similar to a lagrangean relaxation. In other words, the variance constraint can be incorporated into
the objective function via a penalty function which has a multiplier c, i.e.,

Minimize
x|T

f (x, j)"(¹R(x, j))2#cp2
TR(x, j), (1)

where ¹ is the set of candidate locations.
Even though formulations (a) and (a@) are equivalent, the latter has the advantage of consistency

in units for the two terms, making interpretation of the constant c easier. Therefore, c can be
alternatively considered as a weighting factor giving the relative importance of the two components
in the objective function.

To further understand the role of the two terms in the objective function, we present a simple
extreme case analysis for locating a server answering calls for two equally weighted demand points
A and B. For this case, the mean response time (or the square of the mean response time) is
minimized if the server is located anywhere on the line joining A and B, AB. On the other hand, the
variance of the response time is minimized on any location equidistant from A and B; for example,
anywhere on the perpendicular bisector of AB. While both the objectives satisfy some requirements
of a `reasonablea location, all the solutions are certainly not equally acceptable. On the other hand,
an objective function which is a combination of the mean and the variance yields a solution which
will be at the midpoint of AB, a solution that is probably most acceptable. While this is a rather
simple example, it brings forth the need to consider an objective function that is a combination of
the mean and the variance. The model can then be used to arrive at the appropriate weighting
constant that is consistent with what the decision-makers consider an `equitablea solution, based
on their experience.

Our next step is to develop a speci"c expression of the objective function for the First-Come-
First-Served queuing discipline. We start by noting that the response time to a call is the sum of its
queuing delay and the travel time to the call, that is

¹R(x, j)"t(x)#Q(x, j).

It follows that

¹R(x, j)"tM (x)#QM (x, j). (2)

Since the system operates as an M/G/1 queue, from Kleinrock [9] we can write

QM (x, j)"G
jS2(x)@2
1~jSM (x)

if 1!jSM (x)'0,
#R otherwise.

(3)

To complete our objective function, we need an expression for p2
TR(x,j). Assuming that the travel

time to a call is independent of its queuing delay, we can write

p2
TR(x,j)"p2

t(x)
#p2

Q(x,j). (4)
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Variances of the queuing delay incurred by a call are de"ned only when the expression
1!jSM (x)'0. From Cohen [10], we obtain

p2
Q(x,j)"[QM (x, j)]2#jC

S3(x)
3(1!jSM (x))D. (5)

Using Eq. (5), we can obtain expressions for the second moment of the queuing delay. Using Eqs.
(1)}(5), our objective is well de"ned, provided that we have the following inputs for each candidate
home location x: tM (x), p2

t(x)
, SM (x), S2(x), S3(x). Expressions for these quantities; from Jamil [11], are

given as follows:

tM (x)"+
j|N

h
j
d(x, j)/v,

t2(x)"+
j|N

h
j
(d(x, j)/v)2,

p2
t(x)

"t2(x)!(tM (x))2,

SM (x)"+
j|N

h
j
(bd(x, j)/v#N¹

j
),

S2(x)"+
j|N

h
j
((bd(x, j)/v)2#2N¹

j
bd(x, j)/v#N¹2

j
),

S3(x)"+
j|N

h
j
((bd(x, j)/v)3#3N¹

j
(bd(x, j)/v)2#3N¹2

j
bd(x, j)/v#N¹3

j
).

We note that the distances are assumed to be deterministically known, as is the speed of travel.
So, the travel time, for instance, is a discrete random variable that takes the value d(x, j)/v with
probability h

j
. Based on this observation, the expression for tM (x), t2(x), p2

t(x)
, follow directly.

A similar explanation applies to the service time, in that it is a discrete random variable that takes
the value bd(x, j)/v#N¹

j
with probability h

j
. The expressions for SM (x), S2(x) and S3(x) thus follow

directly from this fact.

3. Discrete location topology

Examining the Stochastic Queue Median problem on a "nite discrete location topology, Batta
[12] developed an e$cient algorithm for obtaining the optimal Stochastic Queue Median location
parametrically in the average arrival rate j. These ideas are extended to the Stochastic Queue
Center problem in this paper. The principal di!erence is that a higher order polynomial equation
needs to be solved at each step of the algorithm. Note also that our algorithm is similar in spirit to
that in Daskin [13], where he "nds the optimal set of server locations for the maximal expected
covering location problem parametrically in the common server busy probability.
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The algorithm we present is based on two extreme cases dealt with in Theorems A and B, stated
and proved in the appendix. In Theorem A we consider the case when the queuing delay is
negligible due to a small arrival rate. In such a situation, the optimal location is de"ned almost
entirely by the travel times, i.e., by the sum of the square of the average travel time and the variance
of travel time. On the other hand, when the arrival rate is large, queuing e!ects dominate the
response time; we select a site that minimizes SM (.) (Theorem B).

Based on the above insights, we develop the following algorithm that "nds the optimal location
parametrically with respect to the arrival rate, j. The algorithm "nds optimal site for intervals
[0, d

1
], [d

1
, d

2
]2 up to the maximum permissible arrival rate, j

.!9
. We now present the

algorithm for D¹D sites where x
1
,2, x

@T@
represents the location.

Algorithm

f Initialization phase
Set the current value of j being considered, jH"0; set xH"x

i
3B where B is de"ned in

Theorem A (see Appendix).
f Root-5nding phase

De"ne j
i,j
"min((1/SM (x

i
)), (1/SM (x

j
))). Find the smallest root a

(1)
to the equations

f (x
i
, j)"f (x

j
, j) where j3[jH, j

xi, xj
) ∀j31,2, i!1, i#1,2, ¹. Let a

(1)
correspond to site

x
k
. Set i"k, jH"a

(1)
. Repeat root-"nding procedure to span all j. Note that some of these

roots may be complex, and that the only roots of interest to us are the real roots. Many
root-"nding procedures exist for polynomial equations; see the book by Rice [14], for example.
Also note that for algorithms developed in this paper, we assume an in"nite-precision
RAM model, where the arithmetic operations, comparisons, "nding `#oora and `ceilinga
of a real number, taking square roots, and "nding roots of a polynomial of a "xed degree,
all take one unit of time, independent of the magnitude of the numbers involved; see Aho
et al. [15].

f Range identi5cation phase
Let d

1
,2, d

l
be the roots found in the root identi"cation phase. Also let x

kn
be the site

corresponding to root d
n
, where n"1, 2,2, l. Then the optimal Stochastic Queue Center

location is x
i
for j3[0, d

1
]; x

kn
for j3[d

n
, d

n`1
] where n"1, 2,2, l!1; x

kl
for j3[d

l
, j

.!9
].

Since each of these steps requires the solution of a fourth-order polynomial equation, the above
algorithm is e$cient in terms of the number of root-"nding steps as established in the following
theorem:

Theorem 3.1. The complexity of the algorithm in terms of the number of root-xnding steps is
O(D¹DlogD¹D), where D¹D is the number of sites.

Proof. Since there is no looping between steps, the complexity of the algorithm is the most
time-consuming step. Step 2 is the bottleneck of the algorithm because it involves D¹D sorts, each of
at most (4D¹D!4) numbers for the First-Come-First-Served queuing discipline. Therefore, Step
2 takes O(D¹DlogD¹D) time, since the sorting of D¹D numbers can be achieved in O(D¹DlogD¹D) time. The
theorem follows. h
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We now present a numerical example to illustrate our "ndings, using the above analysis to locate
an emergency municipal transport center in Camden, NJ, as introduced in Section 2. Sta!ed and
operated by the Camden County Sheri!'s department, the transport unit will answer calls to bring
prisoners from respective municipalities to the transport center on a "rst-come-"rst-served basis.
The arresting o$cers in the municipalities are unable to go back on the street for patrolling and/or
answering calls until they release the person(s) arrested to the transport unit. Clearly, this waiting
time is `down-timea for the police o$cers, and imposes a severe security risk to the communities in
Camden County because of its high rate of violent crime, see Kelling and Bratton [16].

For this example, the calls arise in a time-random of homogeneous Poisson manner. As
discussed in Section 2, since the transport unit always returns to the transport facility between
successive calls for service, the service times are independent and identically distributed. From
a queuing standpoint, the system here is an M/G/1 system.

The Camden County Sheri! 's Department is considering four potential sites for locating the
transport center. Five municipalities are the demand points, each of which have been shown in
Fig. 1. Table 1 gives the distance matrix between the potential sites and each of the demand points.
Based on 1995}96 data, 22.5, 20.5, 21.5, 15.5 and 20% of calls were estimated to originate from the
demand points Camden City, Cherry Hill, Pennsauken, State Police and Gloucester, respectively.
A travel speed of v"30, in either direction to and from the home location, was estimated, i.e.,
b"2. The "rst, second and third moments of non-travel related service time for each demand
point are 0.333, 0.028 and 0.003, respectively. Initially, a weighting factor of 0.5 is used in the
objective function.

Table 2 summarizes our "ndings for the problem instance displayed in Fig. 1. We note that the
optimal location can be at two of the potential sites depending on the value of j. At the current
operating level of j"0.42, we note that there is a 17.7% reduction in variance of the response time
by choosing the State Police location instead of the Camden City location. Furthermore, since
there is one common queue for all calls the expected queuing delay is the same for each demand
point. Therefore, the maximum expected queuing delay objective } which is the maximum travel
time to a call, plus the expected queuing delay } is equivalent to the 1-center objective. Based on
this observation, the maximum expected response time shows a 23% reduction if the State Police
location is selected in lieu of the Camden City location.

The Stochastic Queue Center locations contrast quite sharply with the Stochastic Queue
Median locations, which are displayed in Table 3. The Stochastic Queue Median location
starts o! at site Camden City with small j, traverses through the State Police site, and
then retraces its steps to Camden City as j is increased. The Stocastic Queue Center location, on
the other hand, starts o! at State Police with small j, and reaches site Camden City as j is
increased. These results make intuitive sense. The Stochastic Queue Median's concern is with the
average response time, whereas the Stochastic Queue Center's concern is with a weighted sum of
the square of the average response time and the variance of the response time. The average
response time is minimized at site Camden City for small and large values of j, as this site has the
smallest SM ( ) ) value. On the other hand, the variance of the response time is minimized at site State
Police for small values of j, and at site Camden City for large values of j. This is because site State
Police minimizes the S2( ) ) and S3( ) ) values, which are important in determining the variance for
small values of j, whereas site Camden City minimizes the SM ( ) ) value, which is important in
determining the variance for large values of j.
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Fig. 1. Map highlighting demand points and potential sites in Camden County.
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Table 1
Travel-distance matrix for the discrete topology example

Potential site Demand-point

Camden City Cherry Hill Pennsauken State Police Gloucester

Camden City 1 8 4 7 13
Pennsauken 5 6 1 9 15
State Police 6 10 8 1 7
Youth Center 14 18 15 7 3

Table 2
The Stochastic Queue Center as a function of j

Range for j Optimal site

[0.000, 0.788] State Police
[0.788, 1.315] Camden City

Table 3
The Stochastic Queue Median as a function of j

Range for j Optimal site

[0.000, 0.523] Camden City
[0.523, 0.680] State Police
[0.680, 1.315] Camden City

For the above analysis we had assumed a value of the weighting factor, c"0.5. A sensitivity
analysis, with respect to c, indicates that the above discussion of the Stochastic Queue Center
solutions is valid for a wide range of the weighting factor. For c"0.2, the solution is similar to the
Stochastic Queue Median model, where for small and large values of j, Camden County is the
optimal solution, while the State Police location is optimal for mid-range j values. It is intuitive
that the Stochastic Queue Center model behaves similar to the Stochastic Queue Median model for
low values of c since the variance term is receiving minimal weight. For c"0.4, State Police is
optimal for j3[0, 0.7591), and Camden County is optimal for j3[0.7591, 1.315). For c"0.8 and
c"0.9, the switch from State Police to Camden County takes place at j values of 0.8363 and
0.8461, respectively. On a more "ne-grained analysis, we can show that for values of c*0.38, the
solution remains similar to the one for c"0.5 discussed above. It recommends Camden County as
the optimal location for the high range of j and State Police for all other values. In summary, the
Stochastic Queue Center model gives a robust output with respect to the weighting factor, c.

At its current operating service demand, j is approximately 0.42, indicating that the Stochastic
Queue Median would choose Camden County, while the Stochastic Queue Center will recommend
State Police as the optimum location. With a national trend in crime reduction due to more
e!ective proactive strategies and demographics, as shown by Messe [17] and Kelling and Bratton
[16], Camden County Sheri! 's Department expects a decreasing arrival rate, j, for municipal
transports. Keeping this in mind, the choice of Camden County and State Police as optimal
locations for the Stochastic Queue Median and the Stochastic Queue Center problems respectively,
are well justi"ed for the future as well; see Tables 2 and 3. The Camden County Sheri! 's
Department, being a service agency, relies heavily on being perceived fair by all the municipalities;
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and therefore would like to reduce both the mean and variance of the response time. The State
Police location achieves this objective and is therefore recommended as the choice for locating the
transport center.

4. Network location topology

In this section, we analyze the Stochastic Queue Center problem for the case of a network
location topology where the set ¹ is any point on an arc of the network, including nodes.
Furthermore, the set of demand points, N, is a subset of the set of nodes of the network. For the
sake of simplicity in presentation, we assume that the set N is identical to the set of nodes.

We utilize the notion of breakpoints and primary regions developed by Berman et al. [17]. They
de"ne a `node i breakpointa on arc (a, b) as a point x

i
, such that travel distance from x

i
to node i,

through nodes a and b, are identical. Therefore, in a graph with n nodes, each arc can have at most
(n!2) breakpoints generating corresponding (n!1) areas or regions on that arc. These regions on
an arc are referred to as `primary regionsa. Each primary region is a portion of an arc and can be
expressed as an interval, parameterized by the distance from one of the end nodes of the arc on
which it lies. There are O(n3) primary regions on a network, where n is the number of nodes. Our
approach is simply to identify and compare the minima of the Stochastic Queue Center objective
on primary regions. For notational convenience, we represent a point x units from node a on link
(a, b) as (a, b; x).

The Stochastic Queue Center objective (1) can be rewritten as

f (x, j)"c(¹R2(x, j))#(1!c)(¹R(x, j))2. (6)

We know that ¹R(x, j) is convex, when "nite, in a primary region; see Berman et al. [17].
A similar convexity result applies for ¹R2(x, j) as in Prasad and Batta [18]. Using these results, it
is clear from Eq. (6) that f (x, j) is convex in x when 0)c)1, since a positive weighted sum of
convex functions is convex. Therefore, in such a case we can simply use a Fibonnaci search, to the
desired accuracy level, to obtain the minima of the Stochastic Queue Center objective on each
primary region. It can be shown that f (x, j) is not convex for c'1. For example, consider
a two-nodes network of a link (1, 2) of unit length with unit symmetric travel speed, ignoring
non-travel related service time. 99% of calls are originating from node 1 (remaining from node 2)
with average arrival rate of j"1.5. The weighting factor, c, of 10.5 is used and node 1 is considered
to be the home location, where x is the distance measured from node 1. In this case,
f A(x, j)"!5.352, and we can, in fact, have a local minima which is not a global minima, implying
that a Fibonnaci search may yield a sub-optimal solution. Therefore, when c'1 we need to take
a direct approach to determine the Stochastic Queue Center minima on a primary region. To do
this we write f @(x, j)"0, obtaining a fourth-order polynomial in x. We can use a root-"nding
procedure } see, for example, Rice [14] } to obtain roots of this polynomial equation. Comparing
the Stochastic Queue Center objective at real roots in the range of x, that corresponds to the
primary region, and at the x values that correspond to the end points of the primary region, yields
a minima on the primary region.
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We now present Example 2 which illustrates the network location case for the same application
in Camden County, NJ, as Example 1 (see Fig. 2). The constructed network shows only those links
which are used by the Camden County Sheri! 's Department for transport; routes with high tra$c
or non-available routes have not been incorporated. The arcs in the network represent the distance

Fig. 2. Network topology example.
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Table 4
Stochastic Queue Center (SQC) Locations for Network
Topology Example

j SQC Location

0.0 (1, 4; 6.70)
0.1 (1, 4; 6.65)
0.2 (1, 4; 6.63)
0.3 (1, 4; 6.65)
0.4 (1, 4; 6.71)
0.5 (1, 4; 6.79)
0.6 (1, 4; 6.91)
0.7 (1, 4; 6.99)
0.8 (1, 4; 0.00)
0.9 (1, 4; 0.00)
1.0 (1, 4; 0.00)
1.1 (1, 4; 0.00)
1.2 (1, 4; 0.00)
1.3 (1, 4; 0.00)

traveled and, in reality, are composed of series of roadways. These two simpli"cations help in
a lucid presentation of the example, while not compromising on the quality of the solution. The
travel speed, moments of non-travel related service time, the weighting factor, and the fraction of
calls from the demand nodes are the same as in Example 1. Table 4 displays the optimal facility
location as a function of j for this example.

As in the discrete case example, the optimum location for this case is close to the State Police for
small values of j. However, due to the continuous nature of the problem, the Stochastic Queue
Center model "nds the exact optimum location based on the contributions of SM (x), S2(x), S3(x) to
the objective function. The optimal solution starts at (1, 4; 6.7) for j"0, moves to (1, 4; 6.63) for
j"0.2, and then retraces its path and reaches (1, 4; 6.99) for j"0.7. On the other hand, when
j increases beyond 0.7, node 1 (Camden County) minimizes the mean and the variance of the
response time, making it the optimum location. Indeed, these results are consistent with the discrete
version in Example 1. As in the discrete case, these results are robust with respect to changes in
the weighting factor, c. For c"0.2 the Stochastic Queue Center model gives Camden County as
the optimal location, which is the SQM solution, due to the low weight on the variance term in the
objective function. However, for c*0.4, the solution is very similar to the one discussed with
c"0.5.

Both examples suggest selecting the State Police site or close to it, for locating the municipal
transport center.1

1Note that for sake of comparison we are not di!erentiating between the demand point and potential site for both
Camden County and State Police. In reality, they are not identical.
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5. Discussion and summary

This paper examined the Stochastic Queue Center objective on both a discrete and a network
location topology. Algorithms were presented to obtain the optimal Stochastic Queue Center
solution in both cases and results were illustrated with the aid of two examples, drawn from
a potential application of the model in Camden County, NJ. A comparison was drawn with
the Stochastic Queue Median model, explaining di!erences intuitively. The analysis clearly
demonstrates the importance of incorporating the variance of the response time in the objective
function.
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Appendix

Note that ¹ is a "nite, discrete set of candidate sites.

Theorem A. There exists a set B-A and an e'0 such that 0)j(e implies that f (x, j)(f (y, j)
∀x3B and ∀y3¹!B, where

A"Mx3¹: [tM (x)]2#ct2(x)!c[tM (x)]2)[tM (y)]2#ct2(y)!c[tM (y)]2 ∀y3¹N.

Furthermore, if x, y3B, then the two sites have equal tM (.), p2
t(.)

, SM (.), SM 2(.), and SM 3(.) values.

Proof. Let P
x,y

(j)"f (x, j)!f (y, j) for a pair of distinct sites x, y3¹. The equation P
x,y

(j)"0 is
a fourth-order polynomial in j for the First-Come-First-Served queuing discipline; this can be
readily veri"ed from Eqs. (1)}(5).

If x3A and y NA, then we know that P
x,y

(0)(0 from Eqs. (1)}(5). Since P
x,y

(j)"0 has four
roots, it follows that there exists an e'0 such that 0)j(e implies that P

x,y
(j)(0.

If x, y3A, then we have P
x,y

(0)"0 from Eqs. (1)}(5). If the two sites have equal tM (.), p2
t(.)

, SM (.), S2(.)
and S3(.) values, then P

x,y
(j)"0 for all values of j. Otherwise, there exists an e'0 such that

0)j(e implies that either P
x,y

(j)(0 or P
x,y

(j)'0, since P
x,y

(j)"0 has four roots.
The theorem follows from the above statements and from the fact that we have a "nite set of

sites. h

Theorem B. There exists a set D-C and an e'0 such that j
.!9

!e(j(j
.!9

implies
that f (x, j)(f (y, j) ∀x3D and ∀y3¹!D, where C"Mx3¹: SM (x))SM (y) ∀ y3¹N and
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j
.!9

"max
x|T

(1/SM (x)). Furthermore, if x, y3D, then the two sites have equal tM (.), p2
t(.)

, SM (.), SM 2(.), and
SM 3(.) values.

Proof. As in the proof of Theorem A, let P
x,y

(j)"f (x, j)!f (y, j) for a pair of distinct sites
x, y3¹. The equation P

x,y
(j)"0 is a fourth-order polynomial in j, as stated earlier.

If x3C and yNC, then we can pick e"j
.!9

![((1/SM (x))#(1/SM (y)))/2] and obtain f (x, j)(#R

and f (y, j)"#R for j
.!9

!e(j(j
.!9

. This is because x3C implies that j
.!9

"(1/SM (x)), and
that j

.!9
'(1/SM (y)) for y N C. So, from Eq. (3) the QM (x, j) term is "nite for the range (j

.!9
!e, j

.!9
),

whereas the QM (y, j) term is in"nite for this range.
If x, y3C, then we have two cases. The "rst case is when the two sites have equal tM (.), p2

t(.)
, SM (.),

S2(.), and S3(.) values. In this case, P
x,y

(j)"0 for all values of j. The second case is when these
conditions do not hold between the sites. In this case, there are four roots of the equation
P
x,y

(j)"0. So there must exists an e'0 such that j
.!9

!e(j(j
.!9

implies that either
P
x,y

(j)(0 or P
x,y

(j)'0.
The theorem follows from the above statements and from the fact that we have a "nite set of

sites. h
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