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Abstract

The Dantzig–Wolfe reformulation principle is presented based on the concept of generating sets. The use of generating sets
allows for an easy extension to mixed integer programming. Moreover, it provides a unifying framework for viewing various
column generation practices, such as relaxing or tightening the column generation subproblem and introducing stabilization
techniques.
© 2005 Elsevier B.V. All rights reserved.

Keywords: Integer programming; Dantzig–Wolfe decomposition; Column generation; Stabilization techniques; Lagrangian relaxation

1. Introduction

Dantzig–Wolfe decomposition is a technique for
dealing with linear and integer programming problems
with embedded substructures that permit efficient so-
lution. The technique has been applied successfully in
a variety of contexts (for surveys see Barnhart et al. [1],
Desaulniers et al. [4]). Implementing Dantzig–Wolfe
decomposition based algorithms poses various chal-
lenges. The primary challenges revolve around the
convergence of the dual bound computations and, in
the context of integer programming, the enforcement
of integrality restrictions.
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The standard view of Dantzig–Wolfe decomposi-
tion is that it exploits the linear programming formu-
lation of the Lagrangian dual. This so-called master
linear program has an exponential number of variables
that are handled using dynamic column generation.
An alternative view is that Dantzig–Wolfe is a reformu-
lation technique that gives rise to a mixed integer mas-
ter program. The integrality restrictions of the origi-
nal formulation translate into integrality restrictions in
the reformulated problem. Viewing Dantzig–Wolfe as
a reformulation technique allows for the development
of a theoretical framework that facilitates handling of
branching decisions and cutting planes in the master
program.

This paper introduces a generic and unifying
framework for Dantzig–Wolfe reformulation of mixed
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integer programs. The framework is based on the
concept of generating sets. A major advantage of
the framework is that it allows for the definition of
Dantzig–Wolfe reformulations of mixed integer pro-
grams (it generalizes the reformulation technique
for pure integer programs developed by Vanderbeck
[18]). Furthermore, the flexibility of the framework
can be exploited to implement a variety of column
generation strategies for an efficient implementa-
tion of the method. We show that by appropriately
modifying the set of generators, we can, for exam-
ple, provide a warm-start, implement a primal-dual
heuristic for the pricing problem, obtain stronger
dual bounds, implement column re-optimization tech-
niques, and incorporate stabilization techniques. As
such, the framework captures and generalizes several
ad hoc features proposed in the literature for specific
optimization problems.

The paper is organized as follows. In Section 2, we
review the Dantzig–Wolfe decomposition approach.
We discuss when it can be applied, what value it
brings, and what difficulties arise when implementing
it. In Section 3, we introduce the concept of gener-
ating sets and present a unifying framework for the
Dantzig–Wolfe reformulation of mixed integer pro-
grams. In Section 4, we discuss the potential benefits
of aggregating generators, which corresponds to re-
laxing the pricing problem. In Section 5, we show
how we may be able to improve dual bounds by re-
stricting the set of generators, which corresponds to
tightening the pricing problem. Finally, in Section
6, we introduce exchange vectors that can be incor-
porated into the set of generators to help stabilize
column generation.

2. Dantzig–Wolfe decomposition

The Dantzig–Wolfe approach is an application of a
decomposition principle: one chooses to solve a large
number of smaller size, typically well-structured,
subproblems instead of solving the original prob-
lem whose size and complexity are beyond what
can be solved within a reasonable amount of time.
The approach is well-suited for problems for which
the constraint set admits a natural decomposition
into subproblems defining more tractable combina-
torial structures. Consider a mixed integer program

of the form:

ZMIP = min c(x, y) (1)

[MIP] s.t. A(x, y)�a (2)

B(x, y)�b (3)

x ∈ Rn+ (4)

y ∈ Np, (5)

where A ∈ Qk×(n+p) and B ∈ Ql×(n+p) are rational
matrices, and c ∈ Q(n+p), a ∈ Qk and b ∈ Ql are
rational vectors.

This structure encompasses cases in which the prob-
lem has:

1. Complicating constraints. The subsystem B(x, y)

�b represents a combinatorial optimization prob-
lem that can be solved much more efficiently than
the global problem. The subsystem A(x, y)�a

represents a set of complicating constraints.
For example, van den Akker et al. [16] apply
Dantzig–Wolfe decomposition to a time-indexed
formulation of a single machine scheduling prob-
lem in which B enforces that no two jobs can be
processed simultaneously (B is an interval matrix)
while A enforces that every job is processed ex-
actly once. The subsystem B can be solved as the
shortest path problem on an acyclic digraph.

2. Linking constraints. The subsystem B(x, y)�b

has a block diagonal structure while the subsys-
tem A(x, y)�a represents linking constraints.
The classic example is the cutting stock prob-
lem where A enforces demand to be covered and
B defines feasible ways to cut a wide roll into
pieces of smaller width, i.e., there is a knap-
sack sub-problem for each wide roll: {y ∈ Nn :∑

i wiyi �W ; 0�yi �di, ∀i}, where wi denotes
the width of item i and W that of the wide roll,
while di is the demand for i (see for example
Vanderbeck [17]).

3. Multiple subsystems. The subsystems A(x, y)�a

and B(x, y)�b each represents a more tractable
optimization problem (possibly having its own
block diagonal structure) and the difficulty arises
from having both of them simultaneously. (Some
constraints can be present in both subsystems.) An
example is the capacitated multi-item lot-sizing
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problem, which takes the form

min
∑
i,t

pit xit +
∑
i,t

fit yit (6)

[CMILS] s.t.
∑

i

(xit + siyit )�Ct ∀t (7)

t∑
�=1

xi� �
t∑

�=1

di� ∀i, t (8)

xit �cit yit ∀i, t (9)

xit �0, yit ∈ {0, 1} ∀i, t ,

(10)

where xit is the quantity of item i that is produced
in period t, yit is 1 if the machine is set up for
item i during period t, pit and fit are, respectively,
production and setup costs, si is the capacity spent
on a setup for item i, Ct is the capacity available in
period t, dit is the demand for product i in period
t, and cit is the maximum production level for
i in period t. Then, (7) (9)–(10), can be viewed
as a subsystem A that decomposes into a block
for each period t defining a knapsack subproblem,
while (8)–(10) can be viewed as a subsystem B that
decomposes into a block for each item i defining
a single-item lot-sizing subproblem.

There is a variety of ways in which such prob-
lem structure can be exploited to efficiently compute
strong dual bounds around which an efficient exact op-
timization approach can be developed, e.g., apply La-
grangian relaxation or decomposition (dualizing link-
ing constraints), employ cutting planes (efficient sep-
aration on the subproblem(s) is exploited to generate
cuts), or use variable redefinition (a better formulation
of the subproblem(s) is utilized to reformulate the orig-
inal problem—see Martin [9]). The Dantzig–Wolfe de-
composition approach can be viewed as a special form
of variable redefinition (as presented by Vanderbeck
[18] for the case of a pure integer program). The inte-
ger program can be reformulated in terms of variable
weights associated with integer solutions and rays of
the chosen subsystem polyhedron. The reformulation
is traditionally called the Master program. Assuming
a single and bounded subsystem B whose associated
integer polyhedron is

XB = {y : By�b; y ∈ Np}, (11)

the Master takes the form

ZM = min

⎧⎨
⎩

∑
q∈Q

cyq�q :
∑
q∈Q

Ayq�q �a;

∑
q∈Q

�q = 1; �q ∈ {0, 1}, ∀q ∈ Q

⎫⎬
⎭ ,

(12)

where Q is the enumerated set of integer solutions to
XB , i.e., XB ={yq}q∈Q, and �q is 1 if integer solution
yq is chosen and zero otherwise. The generalization
to an unbounded subsystem or multiple subsystems is
straightforward. The generalization to mixed integer
programming is the subject of Section 3.

Due to its large number of variables, the linear pro-
gramming (LP) relaxation of the master is solved us-
ing a column generation technique. For (12), the pric-
ing problem takes the form

�(�) = min{(c − �A)y : y ∈ XB},
where � are dual variables associated with constraints∑

q∈Q Ayq�q �a. The column generation procedure
starts by solving a master LP restricted to a subset
of columns. While the pricing problem returns nega-
tive reduced cost columns, they are added to the lin-
ear program, which is then reoptimized. The interme-
diate master LP objective values are not valid dual
bounds. However, a Lagrangian dual bound can read-
ily be computed from the pricing problem objective
value: applying Lagrangian relaxation to (12), dualiz-
ing the A constraints with weights ��0, yields a valid
bound of the form

L(�) = �a + �(�). (13)

Upon completion of the column generation procedure,
this Lagrangian bound is equal to the master LP value.
When this column generation algorithm is embedded
in a branch-and-bound procedure to solve the inte-
ger program, then the overall algorithm is known as
branch-and-price.

There are several reasons for considering
Dantzig–Wolfe reformulations. First, it leads to a so-
lution method that exploits our ability to efficiently
solve the embedded subproblem. Second, it often
leads to strong dual bounds. Lagrangian duality the-
ory [6] tells us that solving the master LP is equivalent
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to solving an LP on the intersection of the master con-
straints and the convex hull of the subproblem poly-
hedron. For (12) this means

ZM
LP = LDA = min{cy : Ay�a; y ∈ conv(XB)}.

(14)

Thus, ZMIP
LP �ZM

LP �ZMIP. The first inequality is
typically strict unless XB

LP =conv(XB). Finally, when
the decomposition is done around a subsystem B with
a block diagonal structure and identical blocks, it
avoids the symmetry that is naturally present in the
original formulation. To be more precise, consider the
block diagonal structure B,

B =

⎛
⎜⎜⎝

B1 0 . . . 0
0 B2 . . . 0
...

. . .
...

0 0 . . . BK

⎞
⎟⎟⎠ , (15)

with K identical blocks, i.e., B1 = B2 = · · · = BK .
Then Dantzig–Wolfe reformulation takes the form

min

⎧⎨
⎩

∑
q∈Q

cyq�q :
∑
q∈Q

Ayq�q �a;
∑
q∈Q

�q = K;

�q ∈ N, ∀q ∈ Q

⎫⎬
⎭ .

This reformulation avoids symmetry, whereas, in the
original formulation, variables must be indexed by k=
1, . . . , K and a given solution can be represented in
several ways by permuting the k indices.

Solving the Master LP poses several computational
challenges (as discussed in [19]): slow convergence
(the tailing-off effect), poor dual information at the
outset (the heading-in effect), restricted master solu-
tion values that remain constant for several iterations
(the plateau effect), dual solutions that jump from one
extreme value to another (the bang-bang effect), and
intermediate Lagrangian dual bounds that do not con-
verge monotonically (the yo-yo effect).

Stabilization techniques have been developed to
reduce these drawbacks (a review is given in [8]).
Some, but not all, can be implemented in an LP frame-
work. They can be classified into four categories (as
presented in [19]): imposing bounds on dual prices,
smoothing dual prices based on past information be-
fore passing them to the pricing problem, penalizing

the deviation of the dual solution from a stability
center (as in bundle methods [7]), and working with
interior dual solutions rather than extreme point dual
solutions. These techniques often have an intuitive
interpretation in the primal space [2].

3. A unifying framework

In this section, we introduce a generic and unifying
framework of Dantzig–Wolfe reformulation for mixed
integer programs. The framework is based on the con-
cept of generating sets. For each subsystem on which
the decomposition is based, we define a finite set of
generators, G, from which each subproblem solution
can be generated. The variables �g of the reformula-
tion represent the weights of the generators g ∈ G. To
simplify the presentation, we assume a single subsys-
tem

XB = {(x, y) : B(x, y)�b; x ∈ Rn+; y ∈ Np}. (16)

However, the generalization to multiple subsystems is
straightforward. We say that GB is a generating set for
subsystem XB if the subsystem can be reformulated as

XB =
⎧⎨
⎩(x, y) =

∑
g∈GB

g�g : � ∈ RB

⎫⎬
⎭ ,

where GB must be a finite set even if XB is not. Here,
RB represents specific restrictions on the weights �g ,
including integrality restrictions. Let RB

LP denote the
LP relaxation of RB . The reformulation based on sub-
system B takes the form

ZM = min

⎧⎨
⎩

∑
g∈GB

(cg)�g :
∑

g∈GB

(Ag)�g �a;

� ∈ RB

⎫⎬
⎭ , (17)

and the pricing problem encountered when solving the
Master LP using column generation is

�B(�) ≡ min{(c − �A)g : g ∈ GB}. (18)

In a standard Dantzig–Wolfe reformulation, the def-
initions of GB and RB ensure that:
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Property 1 (Lagrangian bound). The master linear
programming relaxation offers a dual bound that is
equal to the Lagrangian dual value, i.e.,

⎧⎨
⎩(x, y) =

∑
g∈GB

g�g : � ∈ RB
LP

⎫⎬
⎭ = conv(XB).

Property 2 (Integer reformulation). The master pro-
gram (17) is a valid mixed integer reformulation of
the original mixed integer program (1)–(5).

In extensions of the Dantzig–Wolfe reformulation
principle, which will be discussed in the following
sections, one might consider defining generating sets
for which these properties no longer hold.

This framework encompasses traditional definitions
of Dantzig–Wolfe reformulation. In the convexifica-
tion approach, the generating set is defined as the set
of extreme points and rays of conv(XB). The resulting
reformulation satisfies Property 1, but enforcing Prop-
erty 2 demands to return to the original formulation
space. For pure integer programs, an alternative ap-
proach that permits a true integer programming refor-
mulation is to base the decomposition on the property
that integer polyhedra can be generated from a finite
set of feasible integer solutions plus a non-negative in-
teger linear combination of integer extreme rays. This
is the discretization approach presented by Vander-
beck [18]. It generalizes to mixed integer programs by
applying discretization for the integer variables and
convexification for the continuous variables.

In Table 1, we specify the definition of GB and RB

for each of the above cases. We assume boundedness
of the subsystem XB and a single block in matrix
B to simplify the notation, but the generalization to
the unbounded case or a block diagonal subsystem is
straightforward. Fig. 1 illustrates the reformulation of
mixed integer programs, i.e., applying discretization
for the integer variables and convexification for the
continuous variables.

The distinction between convexification and dis-
cretization approaches is to be found in the expression
of integrality restrictions: with the former, one must
return to the original variables to express integrality.
The discretization approach provides a framework in
which it is more natural and more convenient to for-
mulate branching constraints or cutting planes for the

Table 1
Definitions of GB and RB under convexification and discretiza-
tion approaches ((xg, yg) denotes the (x, y) solution defined by
generator g)

Convexification:
GB = {(x, y) ∈ Rn+ × Np : (x, y) = extreme point of conv(XB)}
RB = {��0 : ∑

g∈GB �g = 1; ∑
g∈GB yg�g ∈ Np}

Discretization for an IP:
GB = {y ∈ Np : By �b}
RB = {� : ∑

g∈GB �g = 1; �g ∈ N, ∀g ∈ GB }

Discretization for a MIP:
GB

p = projy XB = {y ∈ Np : B(x, y)�b; x �0}
SB(y) = {x : x is an extreme point of {B(x, y)�b; x ∈ Rn+}}
GB = {(x, y) ∈ Rn+ × Np : y ∈ GB

p ; x ∈ SB(y)}
GB(y) = {g = (xg, yg) : yg = y ∈ GB

p ; xg ∈ SB(y)}
RB = {� : ∑

g∈GB �g = 1; ∑
g∈GB(y)

�g ∈ N, ∀y ∈ GB
p }

Y

Fig. 1. Discretization for a MIP in dimension 2 (n = p = 1): the
set of generators GB (the bold lines represent SB(y) sets) and its
projection in the y-space, GB

p .

master [18,19]. Note that when the integer variables
are binary, there is no difference between convexifica-
tion and discretization.

In their study of column generation reformulations
of the multi-item capacitated lot-sizing problem, De-
graeve and Jans [3] observe that, for the reformulation
based on convexification, enforcing integrality of the
variables associated with the columns does not pro-
vide a valid integer programming reformulation. To
remedy the situation, they consider a reformulation
in which columns represent single-item production
plans for specific feasible setup plans, which, in fact,



F. Vanderbeck, M.W.P. Savelsbergh / Operations Research Letters 34 (2006) 296–306 301

corresponds to an implementation of mixed integer
programming reformulation based on discretization.
Their study, performed independently, demonstrates
that our proposed framework is not just of theoretical
value.

Generating sets do not only provide a unifying
framework for viewing Dantzig–Wolfe reformulation.
They also point to a wider use of Dantzig–Wolfe
reformulation. Considering generators that define a
relaxed pricing problem can ease the solution of the
pricing problem at the expense of getting weaker dual
bounds. Section 4 presents relaxation strategies. On
the other hand, considering generators that define a
more restricted pricing problem can result in stronger
dual bounds at the expense of spending more time to
solve the pricing problem. Section 5 discusses restric-
tion strategies. Expanding the set of generators with
so-called exchange vectors enhances the stability of
the Master LP solution process and is presented in
Section 6.

4. Relaxing the definition of generators

A generating set defines a working space. We ex-
plore master solutions that can be defined in terms
of the generators. The number of generators is typ-
ically huge. To ease the search for master solutions,
we consider reducing the generating set by aggregat-
ing generators into what we will call base-generators.
In a sense, a base-generator summarizes the main
properties of the generators that are mapped onto it.
Such a strategy is the analogue of the relaxation tech-
nique known in dynamic programming as state space
relaxation, in which partial solutions represented by
different states are aggregated into a single state. Re-
laxing the definition of generators to base-generators
implies relaxing the pricing problem. This has compu-
tational advantages when generating base-generators
can be done more efficiently. However, the dual bound
obtained using base-generators may be weaker, i.e.,
Property 1 may be lost. Even worse, the resulting mas-
ter may not be a valid reformulation of the original
problem, i.e., Property 2 may also be lost.

For a general mixed integer program, one form of
state space relaxation is to define the base-generators
as the integer solutions of projyX

B . Then, the set

of base-generators, G̃B , and the associated restriction

system, R̃B , take the form

G̃B = GB
p

R̃B =

⎧⎪⎨
⎪⎩� :

∑
g∈GB

p

�g = 1;
∑

g∈GB
p

B(x, g)�g �b;

�g ∈ N, ∀g ∈ GB
p

}
. (19)

When the definitions of GB and RB are replaced by
G̃B and R̃B in (17), the resulting dual bound is weaker
than that obtained with the original set of generators,
as

{A(x, y)�a; (x, y) ∈ conv(XB)} ⊆ {A(x, y)�a;

B(x, y)�b; y ∈ conv(projy XB)}.
However, the master program defined in terms of base-
generators offers a valid reformulation of the original
problem, i.e., Property 2 still holds when the master
(17) is defined with G̃B and R̃B .

Let us see what happens when the above approach
is applied to the CMILS problem. The set of base-
generators corresponds to the set of feasible setup
plans, y ∈ {0, 1}T , such that

∑t
�=1 c�y� �

∑t
�=1 d� for

t = 1, . . . , T . The latter constraints can be seen as a
relaxation of constraints

∑t
�=1 x� �

∑t
�=1 d�. To ob-

tain a feasible setup plan, it suffices to solve a dis-
crete single-item lot-sizing problem with xt = ctyt in-
stead of a continuous single-item lot-sizing problem
with xt �ctyt . Solving a discrete lot-sizing problem
is easier than solving a continuous lot-sizing problem.
A standard dynamic program for the discrete case has
complexity O(T D)—where D is the total demand for
the item considered—while it has complexity O(T D2)

for the continuous case (if capacities are stationary, the
respective complexities become O(T 2) and O(T 4)).
The dual bound may be weaker because the master
LP allows additional solutions, as illustrated by the
following example.

Example 1. Consider an instance with three time pe-
riods in which item i has demand di. = (0, 1, 1) and
production capacities ci. = ( 3

2 , 3
2 , 1). Furthermore,

consider generators (xa
i = (1, 0, 1), ya

i = (1, 0, 1))

and(xb
i =(0, 1, 1), yb

i =(0, 1, 1)). In the relaxed master
LP (in which base-generators represent feasible setup
plans y), the solution xi. = (0, 1, 1) and yi. = ( 1

3 , 2
3 , 1)
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is feasible: take �a = 1
3 for ya

i =(1, 0, 1) and �b = 2
3 for

yb
i = (0, 1, 1). However, this solution is not feasible in

the original master LP (in which generators represent
solutions to a continuous single-item lot-sizing prob-
lem). To get a fractional setup in the second period,
the solution must involve columns in which yi2 = 0.
But all columns in which yi2 = 0 have xi1 �1. Hence,
their presence in the convex combination implies a
strictly positive production in the first period.

van Vyve [20] considers a related form of state space
relaxation for the CMILS problem. After applying the
variable redefinition approach discussed by Martin [9],
van Vyve aggregates variables of the reformulation.

Next, we look at an example of state space relax-
ation in which it is not possible to maintain Property
2. For the CSP, the knapsack pricing problem can be
relaxed by defining what Fekete and Schepers [5] call
a dual feasible mapping.

Definition 1 (Fekete and Schepers). A mapping u :
w ∈ R → u(w) ∈ R is dual feasible for a CSP
instance if

∑
i

u(wi)qi �u(W) ∀q ∈ Q,

where Q is the set of feasible knapsack solutions using
the original weights wi .

Fekete and Schepers give several examples of such
mappings that yield non-trivial combinatorial dual
bounds. Basically, they define weight buckets and map
all items in that bucket onto a single weight. Given
a dual feasible mapping u, base-generators are solu-
tions to the knapsack problem with modified weights.
Because the knapsack problem can be solved in
pseudo-polynomial time, a mapping that reduces the
magnitude of the weights makes the problem easier
to solve. Moreover, the number of items is typically
reduced, as several items see their width mapped onto
the same value. Hence, several cutting patterns are
associated with (mapped onto) a single base-pattern.
Observe that an integer solution to the relaxed master
program is not necessarily feasible for the original
problem because the selected dual feasible cutting
patterns may not satisfy the true knapsack constraint.
Hence, Property 2 is lost. (We are not aware of any

study in which dual feasible cutting patterns are ap-
plied in a column generation approach for the CSP.)

The straightforward use of the state space relax-
ation is to define columns as solutions to a relaxed
pricing problem and to solve the resulting Master LP
by a column generation procedure. However, the idea
can be used in more subtle strategies. One can work
with the relaxed pricing problem only at the outset of
the column generation procedure to provide a warm-
start. Observe that, for the projection framework (19),
base-generators must be lifted to generator vectors
(x, y) before switching to master formulation (17).
In the CMILS example, this can be done by setting
xt = ctyt . In the CSP example, no lifting is needed.
Generators obtained from solutions to the relaxed pric-
ing problem are not necessarily feasible for the true
pricing problem. Then, they are handled as “artificial
variables” (that must be eliminated from the primal
solution by progressively increasing their cost). They
help to bound dual prices. Extending this idea further
(with the above dual feasible mappings for the CSP
in mind), a scaling approach can be implemented in
which the pricing problem is refined iteratively.

Yet another way to exploit state space relaxation is
to implement a 2-stage pricing problem solution ap-
proach in which the relaxed pricing problem is solved
first, providing a dual bound. If it yields a negative
reduced cost solution, then one attempts to generate
a truly feasible solution based on that base-generator.
For CMILS, generating a continuous setup produc-
tion plan from a discrete setup production plan can be
done in polynomial time. For a fixed y∗, a primal so-
lution (x, y∗) can be computed by solving a network
flow problem. On the other hand, a dual bound can be
trivially obtained by choosing xt ∈ {0, cty

∗
t } accord-

ing to its reduced cost. Such two-stage approach can
be viewed as a primal-dual heuristic for the pricing
problem.

The concept of base-generators also suggests that
one could price out dynamically all the columns for
which this base-generator is a seed. Thus, before re-
sorting to calling the pricing problem solver for the
generation of new columns, one could re-optimize the
columns currently in the pool by computing the best
reduced cost column that can be obtained from a base-
generator, assuming that this re-optimization is much
cheaper than solving the pricing problem (as is the
case for CMILS). This type of re-optimization strat-
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Master Constraint

Sub Problem polyhedra

Objective

(a) (b)

Fig. 2. The Lagrangian dual polyhedron (a) using all columns, (b) using proper columns.

egy can be used after just a few master simplex itera-
tions, which allows the more expensive exact pricing
problem solver to be used only when fully optimized
dual prices are available. Re-optimization of existing
columns has been used successfully before. For in-
stance, Savelsbergh and Sol [13] apply local search to
active columns.

5. Tightening the definition of generators

We now consider restricting the set of generators
and hence the pricing problem. Generators that are not
needed to express the feasible (or optimal) solutions
to the master program can be removed from the gen-
erating set. In particular, under the discretization ap-
proach, a pricing problem solution that violates mas-
ter program constraints can be discarded. Of course,
insisting on generating pricing problem solutions that
are feasible for the master program constraints is con-
trary to the decomposition principle, as it amounts to
considering all the constraints in the pricing problem.
However, one can make a step in this direction by
considering, in the pricing problem, upper and lower
bounds on the variables that are implied by the master
constraints. Generators satisfying implied lower and
upper bounds will be called proper generators. En-
forcing pricing problem variable bounds can result in
tighter dual bounds as illustrated in Fig. 2.

There are a variety of ways in which bounds on vari-
ables of the pricing problem can be obtained. First,
problem knowledge may allow for refining of pric-
ing problem variable bounds a priori. In the CSP,

the number of pieces of a particular width in a cut-
ting pattern should not exceed the demand for pieces
of that width. In the CMILS, single-item production
plans must satisfy the global capacity constraint in
each period, i.e., cit �(Ct − si) in (9). In fact, even
production of item i at level cit might result in a sit-
uation where there is insufficient capacity to allow
a feasible production plan for the remaining items.
The production capacities cit can be adjusted to ac-
count for the minimum capacity required by other
items (see [10]). Second, bounds on the variables of
the pricing problem can be derived by applying pre-
processing techniques [12] to the original formula-
tion. When subsystem B has a block diagonal structure
with K identical blocks, the master constraints A imply
bounds on aggregate variables (that represent the sum
of K pricing problem variables), which in turn induce
bounds on the disaggregated pricing problem variables
(see [19]).

It can be effective to adjust pricing problem vari-
able bounds dynamically. Consider, for example, a
diving heuristic in a branch-and-price setting. Such
a heuristic selects a specific branch at each node
and re-optimizes the linear programs at every node
using column generation. To avoid quickly end-
ing up with an infeasible master program, it is vi-
tal to work with proper generators for the residual
problem and thus to apply preprocessing at each
node. Note that branching decisions may allow for
more effective preprocessing and thus may induce
tighter bounds.

Working with proper generators can produce tighter
dual bounds, but it may also increase the complexity
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of the pricing problem. Solving a pricing problem
with bounded variables may be harder than solv-
ing its counterpart with unbounded variables. For
the two-dimensional CSP, the unbounded knapsack
pricing problem can be solved in pseudo-polynomial
time by dynamic programming, whereas the bounded
variant is strongly NP-hard. For the CMILS, the
uncapacitated single-item lot-sizing problem is poly-
nomially solvable, whereas the capacitated variant
is NP-hard. A trade-off has to be made between the
improved quality of the dual bound and the increased
pricing problem complexity.

The generating set could be further restricted by
eliminating redundant generators. A generator is re-
dundant when the master mixed integer program ad-
mits an optimal solution that can be expressed with-
out this generator. (Note in particular that all gener-
ators that are not proper are redundant.) Characteriz-
ing redundant generators, however, may not be easy.
We can also define redundancy with respect to the
master LP (as discussed, for example, by Lübbecke
and Desrosiers [8]). Then, redundant generators cor-
respond to constraints that are not facet defining for
the dual master LP.

6. Exchange vectors as generators

Exchange vectors can be viewed as difference vec-
tors between two feasible pricing problem solutions.
Exchange vectors were introduced in the context of
key formulations for solving Dantzig–Wolfe reformu-
lations taking the form of a set partitioning problem
with SOS constraints [1]. However, their use can be ex-
tended to a more general setting. Formally, exchange
vectors can be defined as scaled rays of the homoge-
neous pricing problem. Assuming that B defines the
pricing problem, let CB = {r = (rx, ry) ∈ Rn × Zp :
B(rx, ry)�0}.

Definition 2. v is an exchange vector for (17) iff ∃r ∈
CB , ��0, and (x, y)a, (x, y)b ∈ XB such that

v = �r = (x, y)a − (x, y)b.

Consider introducing a set V of exchange vectors
in the definition of the generating set. In the case of
the discretization approach for an IP (see Table 1),

this gives

GB = {y ∈ Np : By�b} ∪ V ,

RB =
⎧⎨
⎩� :

∑
g∈GB\V

�g = 1; �g ∈ N, ∀g ∈ GB

⎫⎬
⎭ .

Exchange vectors, seen as “special columns”, allow to
define implicitly alternative pricing problem solutions
that have not yet been generated: a single exchange
vector can typically be applied to several columns of
the current restricted master and hence define implic-
itly other columns that need not be generated explic-
itly. Viewed in the dual master program, exchange
vectors define additional constraints linking the dual
prices, which may help to stabilize the column gener-
ation procedure. (Valério de Carvalho [15] reports sig-
nificant reductions in computing time using elemen-
tary exchange vectors for bin packing problems.)

In the CSP, where the pricing problem is a bounded
integer knapsack problem, the set of feasible exchange
vectors takes the form

V =
{

v ∈ Zn :
∑

i

wivi �0;

∑
i

wi max{vi, 0}�W ; −di �vi �di, ∀i

}
, (20)

i.e., a set of items i for which vi < 0 is replaced by
other items j for which vj > 0 (the second constraint
imposes the desired scaling). The associated cost is
zero since the exchange does not introduce a new wide
roll (see [11]). In the CMILS problem, the pricing
problem is defined by constraints (8)–(10). Its solution
by dynamic programming amounts to searching for
a shortest path in an appropriately defined network.
The difference between two pricing problem solutions
can be seen as a circulation flow in this network (flow
around cycles). Its cost represents the savings resulting
from modifying the single-item production and setup
plan. Exchange vectors for the CSP can also be seen as
cycle flows in the network associated with the dynamic
program for solving the knapsack pricing problem. In
practice, exchange vectors that can be obtained as a
linear combination of others can be ignored. For the
above examples this means that only elementary cycles
need to be considered.
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Properties 1 and 2 may no longer hold when ex-
change vectors are introduced in the generating set.
However, the resulting relaxation of the Master pro-
gram can be controlled by appropriate restrictions on
the set of exchange vectors used. The alternative is to
treat the “undesirable” exchange vectors as artificial
variables.

To prove that Property 1 still holds after the intro-
duction of exchange vectors in the generating set, one
must show that any LP solution to the augmented mas-
ter can be obtained without using exchange vectors.
Similarly, Property 2 still holds if any integer solution
to the augmented master has an equivalent solution
that makes no use of exchange vectors. For the CSP,
Valério de Carvalho [15] shows that such equivalent
solutions exist when the set of exchange vectors V is
restricted to vectors with

∑
i min{vi, 0} = −1 (one

item is being replaced by a set of smaller items). Per-
rot [11] shows that when the master reformulation is
based on proper generators, the set of exchange vectors
V must be further restricted to one-to-one exchanges,
i.e.,

∑
i max{vi, 0}=−∑

i min{vi, 0}=1, to maintain
Property 1, but that it is sufficient to restrict exchange
vectors to those with

∑
i min{vi, 0}=−1 to maintain

Property 2.
Observe that column re-optimization, as discussed

in Section 4, can be viewed as an implicit way to
handle exchanges.

7. Final remarks

Varying the definition of the generating set amounts
implicitly to examining different subsystems and du-
alized constraints. The quality of the dual bounds
resulting from different decompositions could be
compared theoretically a priori. Such a theoretical
analysis is carried out for instance by Perrot [11]
for the CSP and Thizy [14] for the CMILS problem.
Thizy shows that only three different dual bounds
can be obtained through Lagrangian duality. How-
ever, he considers only subsystems from the original
set of constraints (while allowing for some con-
straints to be present in both subsystems A and B).
What this paper points out is that the variety of
Dantzig–Wolfe reformulations and associated dual
bounds is typically wider. What matters most in prac-
tice is the trade-off between the duality gap and the

computational effort required to solve the master and
pricing problems.
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