
Lecture 8: Non-bipartite Matching
• Non-partite matching



Is it easy?
• Max Cardinality Matching = ?



Introduction
• The theory and algorithmic techniques of the bipartite 

matching have been generalized by Edmonds to apply to 
matching in nonbipartite graphs. 

• This also provides a proper generalization of network flow 
theory to “bidirected network flow theory.”

• Early Work:
-J. Edmonds, “Path, Trees, and Flowers," Can. J.     

Math., 17(1965) 449-467.
-J. Edmonds, “Maximum Matching and a Polyhedron
with 0,1 Vertices," J. Res. NBS, 69B (1965) 125-130.



Introduction
• The nonbipartite matching problem is a special case of an 

apparently more general type of problem that we refer to 
as the degree-constrained subgraph problem. 

• This is the problem of finding an optimal subgraph of a 
given graph, subject to the constraint that the subgraph
observes certain constraints on the degrees of its nodes. 
If there is a lower and upper bound on the permissible 
degree of each node, but no other restrictions, the 
problem is reducible to the ordinary matching problem.



Problem Formulation



Potential Application
• There are two identical processors and n jobs, each 

requiring one unit of processing time. 

• A partial ordering relation is given, which prescribes 
precedence constraints for the jobs.

• How should the jobs be scheduled on the two processors, 
so that all the jobs can be completed at the earliest 
possible time?



Scheduling Two Processors



Scheduling Two Processors

• Fact  1. A max-cardinality matching in G yields a lower 
bound on the total processing time.

• Fact 2. Fujii et al. have shown that a max-matching can 
be used to obtain an optimal schedule that meets the 
lower bound.



Scheduling Two Processors



Homosexual Marriage



Undirected Shortest Paths Problem

• It is possible to solve the undirected shortest path 
problem as a nonbipartite weighted matching problem as 
long as there is no undirected cycle with negative length.



Chinese Postman Problem



Bi-directed Flows
• Edmonds has observed that nonbipartite matching theory 

is coextensive with “bidirected" network flow theory.
• A directed graph is a graph in which each arc has both a 

“head" and a “tail." A bidirected graph is a graph in which 
each arc can have a head and a tail, or two heads or two 
tails.



Bi-directed Network Flow Problem



Bidirected Flows and Nonbipartite Matching

• Fact 1: Nonbipartite matching problems can be reduced 
to bidirected flow problems by a simple procedure.

• Fact 2: It has been shown that a bidirected flow problem 
can, in principle, be solved as a nonbipartite matching 
problem.



Basic Concepts
• It has been pointed out that the (bipartite) integrality 

theorem and the Konig-Egervary theorem do not apply to 
nonbipartite graphs. 

• However, the concepts of “alternating paths," “augmenting 
paths," and the augmenting path theorem generalize
without change.



Main Theorem
• Theorem 4.1: (Berge, Norman and Rabin)

A matching X in a nonbipartite graph contains a maximum
number of arcs if and only if it admits no augmenting
path.

Proof:



Theorem 4.1
• This set consists a number of components. Each

components is either an alternating path or an alternating
cycle such as



Theorem 4.1
Note that an alternating cycle (if it exists) has an equal
number of arcs for X and X’.

Since | X’ | > | X |, there must be an alternating path that
contains more arcs from X’ than from X. This forms an
augmenting path w.r.t. X.



Main Theorem



Finding an augmenting path
• An augmenting 
path in bipartite
graph starting
from an exposed
node in S and
ending with an
exposed node
in T.



Potential Difficulty in Labeling for  Bipartite Matching



Then What?
• An elegant solution to the problem of finding augmenting 

paths has been devised by Edmonds. 

• Briefly, Edmonds' approach involves the construction of 
alternating trees, the detection of certain odd cycles called 
“blossoms," and the “shrinking" of these blossoms by 
contraction of the graph.



Reducing the Graph



Reducing the Graph



New Concept: Trees and Blossoms



Trees and Blossoms



Comments
• The stem of the blossom may be empty, in which case we 

say that the blossom is rooted.
• We use a labeling procedure to construct alternating 

trees.   - A blossom is formed whenever there is an arc
(i; j) not in X between two nodes with S-labels 
or an arc (i; j) in X between two T-labeled nodes.

Whenever a blossom B is detected, we “shrink" it by
replacing the graph G with G ctr B. 

The node corresponding to B in G ctr B is referred to as a
pseudo-node, and is given an S-label for the purpose of
further tree construction.



Main Theorem
• The tree construction process may involve a number of 

shrinking operations. However, if an augmenting path is 
found in the (blossomless) alternating trees which 
ultimately result, there is an augmenting path in the 
original graph G. The existence of such a path is 
guaranteed by the transitive application of the next result:

.
• Theorem 5.2 Let B be a blossom with respect to X in G. 

There exists augmenting path in G ctr B with respect to
X - B, if and only if there exists an augmenting path in G
with respect to X.



Proof of Theorem 5.2



Detection of Blossoms



Example



Backtracking



Example



Max Cardinality Matching



Max Cardinality Matching



Max Cardinality Matching



Nonbipartite Cardinality Matching Algorithm



Nonbipartite Cardinality Matching



Nonbipartite Cardinality Matching



Example
• Find the max cardinality matching for the following graph



Complexity of nonbipartite cardinality matching algorithm

• For a graph of n nodes
• No more than O(n) augmentations and applications of the 

labeling procedure.
• Each labeling procedure requires each of the n nodes to 

be scanned at most once.
• Each scanning operation requires at most O(n) steps 

(ignoring backtracking, and so on).
• No more than O(n) blossoms formed per augmentation, or 

in total.
• Each blossom backtracking is O(n) in complexity
• Total complexity is         .     



Duality of Nonbipartite Cardinality Matching



Duality Theory



Example 1
• N = { {10}, {2}, {1}, {3}, {5}, {4,6,7}, {7,8,9}}  odd set cover?
• N = { {2}, {3}, {5}, {4,6,7}, {7,8,9}}   odd set cover?
• N = { {2}, {3}, {4,6,7}, {7,8,9}}  odd set cover?



Example 2
• N = {{2}, {3,4,5,6,7}, {6,8,9}, {7,10,11}, {12}, {14}}
• Capacity(N) = 1 + 2 + 1 + 1 + 1 + 1 = 7



Main Results



Max-min Nonbipartite Matching



Max-min Nonbipartite Matching Algorithm
• Find a max cardinality matching whose smallest link 

weight is the largest among all max cardinality matchings.
• Based on Theorem 7.3.
• Same logic as the bipartite counterpart.


