0 Karmarkar’s Algorithm

Motivation

Total Complexity of iterative algorithm =

(# of iterations) x (operations in each iteration)

Simplex Method

- Simple operations

: Only check adjacent extreme points.

- May take many iterations

: Klee-Minty example.

Karmarkar’s Algorithm

- Complicated iterations

: Check all directions for the best one.

- Take fewer iterations



Observations:

(1) If a current solution is “near the center” of a
polytope, it makes sense to move along the

“steepest descent” direction.

(2) If x* is not “near the center”, we can
“re-scale” the coordinate to transform it to be

“near the center”.



(Questions: What’s the center of a polytope?

Simplex Structure

- Simplex regular polygon in R".

A =(xeR"| X 2 =1u;>0)
:{xeRn|eTx:1,XZO}

where e = (1,...,1)1 € R™



(1) One-Dimensional A

(2) Two-dimensional )

PING T8

(3) Three-dimensional

Xq

1 vertex

2 vertices
1 edge

3 vertices
3 edges
1 facets

4 vertices
6 edges
4 facets



(Questions:

For n-dimensional case,

How many vertices in A?

How many facets in A?

(1)

(2) How many edges in A?

(3)

(4) Given x € A, how can we identify it is a

vertex? on an edge” or in the interior?

(5) What is the center of A?

1/n
1/n ©

1/n




(6) How far between the center to a vertex? to

an facet?




D y X’ D y
3/10 0 0 10/3 0 0
XA:< o 1/10 0 ) X21:< o 10 o0 )
0 o 3/5 0 0 5/3
= (1,0,0) x' = (1,0,0)
— (0.1,0) y' = (0.1,0)
= (0,0,1) z' = (0,0,1)
= (3/10,1/10,3/5) A'=(1/3,1/3,1/3)

(1/3,0,2/3) B’ = (1/2,0,1/2)
(0,1/7,6/7) C' = (0,1/2,1/2)
(3/4,1/4,0) D' = (1/2,1/2,0)

O Q T = N < X
]



(Questions:

How to re-scale an interior point X € A to the
center?

Definitions:

(1) x* € A is an interior point of A, if
Z?Il xf — 1 and x? > 0, V7.

(2) matrix

[ 2} )
Ly

(3) projective transformation

X}, = diag(x*) =

T.: A— A

L . Xk_lx
L — Txk (X) — eTXk_lx




General Properties:

(1) T,» maps A to A.
(2) xe A

a vertex
on an edge

on a facet

I

1In interior

(3) Tyr(2*) =

£
n

7

on an edge
on a facet

1In interior

8
>

(4) T, is one-to-one and onto.

(5) T, exists.
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Karmarkar’s Standard Form:

min clx

(KLP) s.t. Ax=0 — Null space N(A)
elx =1} simplex

x>0} in A

minclxs. t. x e N(A)N A,

min c¢f'x

S. t. a11x1 + a19x9 + - - - + A1nITn — 0

U121 + Am2T2 + - + Ay Ty =0
r1+ x4+ +xy =1

T1,L2,...,Lpy >0
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Assumptions:

(A1) Interior-Point Assumption: Ae =0, i.e
1

E,..

0

x’ = ( ., +) is interior feasible.

(A2) Zero-Optimal Value Assumption:
2 =clx* =0
Definitions:
x is a feasible solution of (KLP) if
Ax=0andelx=1,x>0.

It is an interior feasible solution of (KLP) if
Ax =0, elx=1, x> 0.

Example:

min —x1+ 1
s. t. To— x3 =0
1+ To+ I3 =1
Xy, I2, X3 2 0
cl' =(-1,0,0),A =(0,1,-1),x* = (1,0,0), 2* =
0
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Observations:
(1) (KLP) is always bounded. P =N(A)N A,
(2) If P # (), then (KLP) has a finite optimum.
(3) Dual (KLP)

max W41
s. t. anwi + -+ Am1Wey + Wpg1 < ¢

(DKLP) ajpwi+ -+ @GmaWm + W41 < €2

a1mwWi + - AmnWm + Wm—+1 S Cn

(4) Dual (KLP) is always feasible. For example:
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(a) wy =wog ="+ =wy =0

W1 = min{cy, Ca, ..., cy} then
w = (W1,..., Wn,Wmi1)® is feasible to
(DKLP).

(b) In fact for any w = (w1,...,w,)l € R™
choose
Wing1 = Minj<j<n{c; — > ;0 aw;} then
(W1 ...y Wyn, Wna1)? is feasible to
(DKLP).

(5) Without loss of generality, we may assume
that A has full row rank. Then (AA”) is

nonsingular.
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Basic Ideas:

min cl'x
s.t. Ax=0 —N(A)
el'x =1}
x>0} A,

Strategy:

(a) Move along the “steepest descent” direction: —c
(b) To keep feasibility: Project —c onto N(A)
i.e d® =[I — AT(AAT)A](—c). Noter > 1
N (A)
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P=A,NN(A).

Hence x! = x" + 2 IIdOII € P for a € (0,1]
x’ = £ € P is the “center”.

We want that x!' = x° + ayd® € P and

T 1 <CTXO

Question:
x’ is no longer at the “center”, so what’s next?

Answer:
For 0 < a <1, x' € P' (the interior of P).

Therefore, we can “re-center” it at = by the

projective transformation T
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Karmarkar’s Algorithm

— _1 T _1
y=X x/eX x

T «
X /e/n: yk
k+1 k
AX/'X .yk+1
T,
X
x=XyleXy
T
. T . c” Xpy
1M1 C X 11in eTXky
(P) s.t. Ax= s. t. AXyy =0
GTX — €Ty —
x >0 y >0

min (cI'X4)y

(P") s.t. [A%F*]y
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T,k

y

k

d* = —[I — BT (BxB7)~'By]c*
yRH = y* 4 2

= £ +

O<a<l

n

y

k+1
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Step 1:

Step 2:

Step 3:

Karmarkar’s Algorithm

(Initialization)
k «—— 0, € > 0 be sufficiently small.
x¥ = =, 0<a<l.

(Optimality Check)

If cTx* < e, then STOP!

x* is optimal.

(Improvement)
Let
[ ok )
AX,
o7
\ 7 )
Calculate
d* = —[[ — Bg(BkBZ)_lBk]XkC
k
y =2+ 2 (55)
k+1
xFTl = eiz()lzzyk—i—l

k+«— k+1CO TO Step 2.
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Note:

(1) To make sure the algorithm stops in 5nL
steps. Karmarkar chose o = 1/3 for
theoretical proof.

(2) In practice, a can be chosen as large as
0.9,0.99,0.999, ...

(3) Formula for projection: v = v, + v,

A
/ Vq

v

P

&N(M) = Null space of matrix M

NM) ={x|Mx=0}
vy, =[I—-M'(MM")"IM Jv
v, = M'(MM?)~tMuv
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Example min —x1 +1

S.t. r9—x3 =10
r1+x9+2x3 =1
r1,T9,x3 >0
1/3 1/3 0 0
x=1|(1/3 | Xo=] 0 1/3 0)
1/3 0 0 1/3

A=(0,1, 1), AXy = (0, 1/3, —1/3)

AX, 0 1/3 -1/3
el 1 1 1
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2/9
d’ = —[I - B{(BoB{) 'Bg]Xoc = | —1/9
—1/9

|4°l = /(2/9)% + (1/9)* + (1/9)* = v/6/9

Note that

1 1/3 2/3
o -1 13 |=] -1/3 | =3d°
0 1/3 ~1/3

i.e. d” points to the optimal solution!
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Convergence in Polynomial-Time

Basic concept:

(1) To converge, we want

cTxF N\ 0, k=12,

(2) To converge in polynomial-time,

c'x? N, 0 very fast!

(3) For example, if

cTxk <e k5 (cTx0), k=1,2,--

For L > 0 large enough s.t.
2L (c?x) =~ 0
we want
e k/5n(cTx0) < 27L(cTx0) < €

or 6—]{:/577, < 2—L
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Then

—k/5n <log.2™t <log27t = —L
ie., If k> 5nlL, then

cT'xk < e k/57(cTx0) < €

Hence {c'x*} , 0in O(nL) iterations.

(4) In Karmarkar’s algorithm, the most
time-consuming job is to find
(Bx By, )™
A direct implementation takes O(n?) elementary
operations. Therefore the total complexity is
O(nL)
By rank-one updating, can be reduced to

O(n3'5L)
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