
2 Complexity Analysis

Min cT x

(LP ) s. t. Ax = b

x ≥ 0




A : m× n

b ∈ Rm

c,x ∈ Rn

(A,b, c) input data with “integer-value”.
L= number of binary bits needed to record all the
data.
(m, n,A,b, c) defines an instance of the LP.
(m, n,L) defines the size of the instance.

L ∼ ⌈
1 + log2 m + log2 n

+
∑n

j=1{1 + log2(1 + |cj |)}
+

∑m
i=1

∑n
j=1{1 + log2(1 + |aij |)}

+
∑m

i=1{1 + log2(1 + |bi|)}
⌉

• Complexity of an algorithm becomes a
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function of the size, i.e. f(m,n, L).

• If ∃ τ > 0 such that total # of elementary
operations required by the algorithm in any
instance ≤ τf(m,n, L) then, the algorithm is
of order O(f(m,n, L)).

• If f(m,n, L) is a polynomial function of
m,n, L, then the algorithm is a
polynomial-time algorithm.

• Otherwise, it is nonpolynomial-time.
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Complexity of the Simplex Method

• Total # of elementary operations
= (# of elementary operations at each
iteration) × (# of iterations).

• # of elementary operations at each iteration
of the revised simplex method O(mn).

• From practical experience, the simplex
method takes about (αm) iterations where
eα < log2(2 + n/m). Hence it is of O(m2n).

• From the worst-case analysis, Klee and Minty
[1972] showed a class of examples ( in the
d-dimensional space) which 2d − 1 iterations
for the simplex method.
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Klee-Minty Example

(2 dim) min −x2

s. t. x1 ≥ 0

x1 ≤ 1

x2 ≥ εx1 (0 < ε <
1
2
)

x2 ≤ 1− εx1

x1, x2 ≥ 0

x

x

x

x

x

1

1

1

2

0

3

= ( 0 ,  0 )

= ( 0 ,  1 )

= ( 1 ,  1-    )

= (1 ,    )

ε

ε
1

x
2

x0 → x1 → x1 → x3 (optimal)
22 − 1 = 3 iterations
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(3 dim) min −x3

s. t. x1 ≥ 0

x1 ≤ 1

x2 ≥ εx1

x2 ≤ 1− εx1

x3 ≥ εx2

x3 ≤ 1− εx2

x1, x2, x3 ≥ 0

x = (0, 0)0

x1

x

x

x

x
x

x

x

x
2

2

3

3

4

5

6
7

23 − 1 = 7 iterations
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(d dim) min −xd

s. t. x1 ≥ 0

x1 ≤ 1

x2 ≥ εx1

x2 ≤ 1− εx1

...

xd ≥ εxd−1

xd ≤ 1− εxd−1

xi ≥ 0

2d − 1 iterations
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Hence, in theory, the simplex method is not a
polynomial-time algorithm. It is an exponential
time algorithm!

Question: What’s wrong with this?

linear

quadratic

cubic

exponentialtime

( n, m, L )

Question: Is there a polynimial-time algorithm
for LP?
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• Ellipsoid Method

Levin-Shor-Khachian

[1965]− [1970]− [1979]

O(n6L2) ←− original

O(n4L2) ←− improved

• Karmarkar’s Algorithm [1984]

O(n4L2) ←− original

O(n3.5L2) ←− improved

• Interior Methods motivated by Karmarkar

O(n3L)
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Solving

Mx < d





M : m× n

x ∈ Rn

d ∈ Rm

P

E2

E1

E3

x
1

x
2

x
3

Mx < d

Vol(E2) ≤ e−1/2(n+1) Vol(E1)
Vol(E3) ≤ e−1/2(n+1) Vol(E2)

...
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Observations:

(1) There is a half-ellipsoid 1
2Ek such that

P ⊂ 1
2Ek, if xk 6∈ P , for k = 1, 2, . . ..

(2) Vol(Ek+1) ≤ e−k/2(n+1) Vol(E1)
This means the volume of Ek shirnks very
rapidly.

How fast?

If (E1) = S(0, 22L) then Vol(E1) = 4π
3 e6L

Given any ε > 0, we want to find k such that
Vol(Ek+1) ≤ ε.

Hence, we let

(e−k/2(n+1))(
4π

3
e6L) ≤ ε

i.e.

−k

2(n + 1)
+ ln(

4π

3
) + 6L ≤ ln ε,
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or

−k+2(n+1) ln(
4π

3
)+2(n+1) 6L ≤ 2(n+1) ln ε

Thus

2(n + 1)[ ln(
4π

3
) + 6L− ln ε ] ≤ k

As long as

k ≥ 2(n + 1)[ ln(
4π

3
) + 6L− ln ε ]

We know Vol(Ek+1) ≤ ε

Hence we need only O(nL− n ln ε) steps!
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Basic Ideas:

Step 1: Let E0 = S(0; 22L) and k = 0 be a sufficiently
large ellipsoid.
P := E0 ∩ {x ∈ Rn | Mx < d}.

Step 2: Check if the center xk of Ek satisfies
Mxk < d.
Yes, Stop!
No, remove 1

2Ek which does not contain P

and replace Ek by a smaller ellipsoid Ek+1

which contains the other 1
2Ek.

Step 3: If Vol(Ek) < 2−(n+1)L, then Stop!
The system has no solution.
Otherwise, k ←− k + 1 and go to Step 2.
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Observations:

(1) Take ε = 2−(n+1)L, since ln = loge ∼ log2.
Thus the algorithm takes

O(nL− n log2 2−(n+1)L) ∼ O(n2L)

iterations to stop.

(2) If each iteration takes O(n2L) elamentary
operations, then the total complexity of the
ellipsoid method becomes

O(n2L · n2L) = O(n4L2)

Question:

(1) How to convert LP problems as a system of
linear inequalities?

(2) How to construct Ek+1 from the information
of Ek?
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MP(I)

(1) System of Linear Inequalities:

min cT x

(P ) s. t. Ax ≤ b

x ≥ 0

max bT w

(D) s. t. AT w ≥ c

w ≥ 0

(i) (P) is solvable if and only if

Ax ≤ b x ≥ 0

AT w ≥ c w ≥ 0

−cT x + bT w ≤ 0



A 0

−I 0

0 −AT

0 −I

−cT bT




(
x

w

)
≤




b

0

−c

0

0


 .

has a solution (x,w).
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(ii) Lemma 5.5: Suppose

Mx < d + 2−L




1
...

1


 ↙ perturbation

has a solution, then Mx ≤ d has a solution

(2) Constructing Ek+1 from Ek:

In Rn, z ∈ Rn, r ≥ 0

(i) Spheroid:

S(z, r) = {x ∈ Rn | ∑n
j=1(xj − zj)2 ≤ r2}

= {x ∈ Rn | (x− z)T (x− z) ≤ r2}
z : center, r: radius, Vol(S): volume of S.

(ii) Affine transformation:
A: nonsingular n× n matrix, c ∈ Rn

T (A, c) : Rn −→ Rn

x −→ A(x− c)

T (A, c) is one-to-one and onto!
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(iii) Ellipsoid:
An image of S(0, 1) under T (A, c).

S(0, 1) = {x ∈ Rn | xT x ≤ 1}
E = {x ∈ Rn | [A(x− c)]T [A(x− c)] ≤ 1}

= {x ∈ Rn | (x− c)T AT A(x− c) ≤ 1}
center: c
Vol(S) = det(A−1)× Vol(S(0, 1)).

(iv) Half-ellipsoid:

E
2

1

}|{ xax
T

c

}in{
2

1
cax| aExE

TT
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(v) A small ellipsoid containing 1
2E:

E

E
x

1

(1/2)

E
~

E = S(0, 1)
1
2E = {x ∈ E | x1 ≥ 0}
Ẽ = {x ∈ Rn |
(n+1

n )2(x1 − 1
n+1 ) + (n2−1

n2 )
∑n

j=2 x2
j ≤ 1}

center: c =




1
n+1

0

.

.

.

0



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scaling: A =




n+1
n

0√
n2−1

n2

. . .

0

√
n2−1

n2




Vol(Ẽ) = det(A−1)×Vol(E)

= ( n
n+1 )(n2−1

n2 )
n−1

2 ×Vol(E)

≤ e−1/2(n+1) ×Vol(E) (n > 1)

(vi) Given that

Ek = {x ∈ Rn | (x− xk)T AT
k Ak︸ ︷︷ ︸(x− xk) ≤ 1}

B−1
k : positive definite

we test Mxk < d?

Suppose that aT
i xk ≥ di for some i,

then xk 6∈ P and

P ⊂ 1

2
Ek = {x ∈ Ek | − aT

i x ≥ −aT
i xk}
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Mapping Ek back to S(0, 1), we can derive

Ek+1 = Ẽ =

{x ∈ Rn | (x− xk+1)T B−1
k+1(x− xk+1) ≤ 1}

where xk+1 = xk − τ(Bkai/
√

aT
i Bkai),

τ = 1/(n + 1) and

Bk+1 = δ(Bk − σ[Bkai(Bkai)T /(aT
i Bkai)])

where δ = n/
√

n2 − 1 and σ = 2/(n + 1).
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E

δ(1−σ)

δ

τ

τ: 
σ:
δ: 

step

dilation

expansion

E
~
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Ellipsoid Method for LP:

Step 1: k ←− 0
Ek = S(0, 22L)
Bk = 22LI

xk = 0

Step 2: If Mxk < d then STOP!
xk is a solution.
Otherwise, find i such that aT

i xk ≥ di

Calculate

xk+1 = xk − τ(Bkai/
√

aT
i Bkai),

Bk+1 = δ
(
Bk − σ[Bkai(Bkai)T /(aT

i Bkai)]
)

Step 3: If Vol(Ek) < 2−(n+1)L, STOP! P = ∅
Otherwise, k ←− k + 1
Go To Step 2!

δ = n/
√

n2 − 1, σ = 2/(n + 1), τ = 1/(n + 1)
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Notes:

1. Lemma 5.3 and lemma 5.4
⇒ Vol(P ) ≥ 2−(n+1)L where
P := {x | Mx < d, | xi |≤ 2L, i = 1, . . . , n}

2. Khachian showed that the ellipsoid method
for LP terminates within O(n2L) iterations
with an exact solution.

3. Each iteration takes O(n2L) elementary
operations for xk+1 and Bk+1.
Hence, the total complexity is O(n4L2).

4. Since the optimal solutions (x,w) ∈ Rn+m

falls in a lower dimensional hyperplane
cT x− bT w = 0, the perturbed solution set
has a very small volume (≈ 0)
Hence, the convergence of the ellipsoid
method is extremely slow.

5. Since

Bk+1 = δ
(
Bk − σ[Bkai(Bkai)T /(aT

i Bkai)]
)

Even B0 is sparse, Bk can be very dense.

22



Therefore for large scale problems, “sparsity”
becomes an issue!

6. After all, Ellipsoid method is
Good in theory, but bad in pratice.

7. Modification
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(a) Deep Cuts

(b) Surrogate Cuts

(c) Parallel Cuts

a  x = b 
i
T

i

j
T

j- a  x = b 

x 
k

a
21

a

a  x = b 
i i
T

a  x = a  x
i i
T T kkx 

kE E
k+1

E k

a = u  a  + u  a
1 221
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