0 Complexity Analysis

Min c¢fx
(LP) s.t. Ax=Db
x >0

¢
A: mxn

{ b e R™
c,x €R"

\
(A, b, c) input data with “integer-value”.

L= number of binary bits needed to record all the
data.

(m,n, A, b, c) defines an instance of the LP.
(m,n, L) defines the size of the instance.

L ~ [1+1og2m+1og2n
+ 205 {1 4 logo (14 es])}
+ 2y 2 {1+ logo (1 + Jai;l)}
+ 3 {1+ logy (1 + [bi])}]

e Complexity of an algorithm becomes a



function of the size, i.e. f(m,n,L).

e If 47 > 0 such that total # of elementary
operations required by the algorithm in any
instance < 7f(m,n, L) then, the algorithm is
of order O(f(m,n, L)).

e If f(m,n, L) is a polynomial function of
m,n, L, then the algorithm is a

polynomial-time algorithm.

e Otherwise, it is nonpolynomial-time.




Complexity of the Simplex Method

e Total # of elementary operations
= (# of elementary operations at each

iteration) x (# of iterations).

e # of elementary operations at each iteration

of the revised simplex method O(mn).

e From practical experience, the simplex
method takes about (am) iterations where
e® < logy(2 +n/m). Hence it is of O(m?n).

e From the worst-case analysis, Klee and Minty
[1972] showed a class of examples ( in the
d-dimensional space) which 2¢ — 1 iterations

for the simplex method.



Klee-Minty Example

(2 dim) min —x4

S. t. $120
$1§1
1
To > €x1 (O<e<§)
$2§1—6£131
5131,37220
X2
x3(0, 1)
19
X =(1, 1 ¢
X (1,¢)
0 1
X=(0,0) 1

xY — x! — x! — x3 (optimal)

22 _ 1 = 3 iterations



(3 dim) min —x3
s.t. 1 >0
r1 <1
X9 = €Xq
o <1 —e€x;
T3 > €T3
T3 < 1 — €exq

L1,T2,x3 Z 0

x’= (0, 0)

23 — 1 = 7 iterations



(d dim) min —xy4

S. t. xlzo

Vv

Ld = €EXd—1
g <1—erg_q

24 _ 1 iterations



Hence, in theory, the simplex method is not a

polynomial-time algorithm. It is an exponential

time algorithm!

(Question: What’s wrong with this?

time

exponential

cubic

guadratic

linear

(n,m,L)

(Question: Is there a polynimial-time algorithm

for LP?



e Ellipsoid Method
Levin-Shor-Khachian

1965] — [1970] — [1979]
O(n®L?) «— original
O(n*L?) +— improved
e Karmarkar’s Algorithm [1984]
O(n*L?) «— original
O(n>®°L?) «— improved

e Interior Methods motivated by Karmarkar

O(n’L)



Solving

M:mxn

Mx < d { xe€ R"
\deRm

—1/2(n+1) VOl(El)
—1/2(n+1) VOI(EQ)

IA A
> o



Observations:

(1) There is a half-ellipsoid 2 E* such that
P C %Ek, if x* ¢ P, for k=1,2,....

(2) Vol(EF+1) < e=k/2(n+1) \ol(ET)
This means the volume of E* shirnks very

rapidly.

How fast?

If (E') = S(0,2%L) then Vol(E') = 2FebL

Given any € > 0, we want to find k such that
Vol(E* 1) <e.

Hence, we let

(6—k/2(n+1))(4_7T€6L>

3

<€
1.€.
—k 41

In(—)+6L <1
2(n+1)7L n(3)+ =
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or
47
—k+2(n+1) In(-)+2(n+1) 6L < 2(n+1) Ine
Thus
41

2(n 4+ 1) In(— 3 )+ 6L —Ilne ] <k

As long as
47
k>2(n+1)] In(—- 3 )+ 6L —Ine ]

We know Vol(E*T1) < ¢

Hence we need only O(nL — nlne) steps!
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Basic Ideas:

Step 1: Let EY = S(0;22L) and k£ = 0 be a sufficiently
large ellipsoid.
P:=E'N{xeR" | Mx < d}.

Step 2: Check if the center x* of E* satisfies
Mx* < d.
Yes, Stop!

No, remove %Ek which does not contain P

and replace E* by a smaller ellipsoid E**!
which contains the other %Ek

Step 3: If Vol(E*) < 2= (n*+1L then Stop!
The system has no solution.
Otherwise, kK «— k + 1 and go to Step 2.
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Observations:

(1) Take e = 2= (»*DL gince In = log, ~ log,.
Thus the algorithm takes

O(nL — nlog, 2~ "Dy ~ O(n2L)
iterations to stop.

(2) If each iteration takes O(n?L) elamentary
operations, then the total complexity of the
ellipsoid method becomes

O(n’L -n’L) = O(n*L?)

Question:

(1) How to convert LP problems as a system of

linear inequalities?

(2) How to construct E¥*! from the information
of EX?

13



MP(I)

(1) System of Linear Inequalities:

min c¢!x max blw
(P) s.t. Ax<Db (D) s.t. ATw>c
x>0 w >0

(i) (P) is solvable if and only if

Ax<b x>0
ATw>c w>0

—clx+blw <0

A 0
—7 0 0
x
0 —aAT ( ) < —
w
0 —TI
—cT bT

has a solution (x,w).
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(i) Lemma 5.5: Suppose

/1)
1)

has a solution, then Mx < d has a solution

perturbation

Mx <d+2F /

(2) Constructing Ey1 from FEj:
In R", ze R", r>0

(i) Spheroid:

S(z,7) ={xeR"| > (v;—2)><r?}
={xeR"|(x—2z)l(x—1z) <r?}
z : center, r: radius, Vol(S): volume of S.

(ii) Affine transformation:

A: nonsingular n X n matrix, c € R"
T(A,c): R"— R"
x — A(x —c)

T(A,c) is one-to-one and onto!
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(iii) Ellipsoid:

An image of S(0,1) under T'(A,c).

5(0,1) ={xeR"
E ={xeR"
={x e R"

center: C

xI'x <1}
[A(x =) [A(x—c)] <1}
(x—c)TATA(x—c) <1}

Vol(S) = det(A~1)x Vol(S5(0,1)).

(iv) Half-ellipsoid:

1

16

EE:{X in Ela’'x>a'c)



(v) A small ellipsoid containing %E ;

~

E

E
(1/2) E

X

E = 5(0,1)
% = {X <)) | T > 0}

E={x€cR"|

() @1 — ) + (7)o@ < 1}

mn
n—+1
0
center: ¢ = ,
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scaling: A = ' .
= =
Vol(E) = det(A~1) x Vol(F)
= (3)(%7) "7 x Vol(E)
< e~ 120040 » Vol(E) (n > 1)

(vi) Given that

E,={xeR"| (x—x"TAT Ap(x — x*) <1}
N——
B L. positive definite
we test Mx” < d?

Suppose that al x* > d; for some 1,
then x* ¢ P and

1
PC2Ek—{x€Ek| —a; x> —a;, x"
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Mapping E} back to S(0,1), we can derive

Ep41=FE =

{xe R"| (x— Xk"'l)TB,;il(x —xF) <1}

where x*T1 = x*¥ — 7(Bya; /\/al Bra;),
T=1/(n+1) and

Bi11 = 6(Bi, — 0[Bra;(Bra;)" /(a] Bray)))

where 6 =n/vn? —1and 0 =2/(n+1).

19



T

T. step
o: dilation
O: expansion

20

./ 8(1-0)



Ellipsoid Method for LP:

Step 1: k+—0

E* = 5(0,22%)
B, = 22L]
xk =0

Step 2: If Mx* < d then STOP!

x* is a solution.

Otherwise, find i such that al x* > d;
Calculate

Xk‘H — Xk — T(Bkaz-/\/aiTBkai),

Bji1 =0 (B — 0[Brai(Bra;)" /(a] Bray)])

Step 3: If Vol(E¥) < 2= (n+DL STOP! P =)
Otherwise, k «+— k + 1
Go To Step 2!

d=n/vn*—1, 06=2/(n+1), T=1/(n+1)
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Notes:

1. Lemma 5.3 and lemma 5.4
= Vol(P) > 2~ ("+DL where
P:={x|Mx<d, |z |<2li=1...,n}

2. Khachian showed that the ellipsoid method
for LP terminates within O(n?L) iterations

with an exact solution.

3. Each iteration takes O(n*L) elementary
operations for x*T1 and B1.
Hence, the total complexity is O(n*L?).

4. Since the optimal solutions (x,w) € R*™™
falls in a lower dimensional hyperplane
cl'x — b?’w =0, the perturbed solution set
has a very small volume (= 0)
Hence, the convergence of the ellipsoid
method is extremely slow.

5. Since
Bi11 =6 (B — 0[Bra;(Bra;)" /(a; Bray)])

Even By is sparse, By can be very dense.
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Therefore for large scale problems, “sparsity”

becomes an issue!

6. After all, Ellipsoid method is
Good in theory, but bad in pratice.

7. Modification
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(@) Deep Cuts

»»»»»»»»

(c) Parallel Cuts :

24



