O Duality Theory

Min cfx
(LP) s.t. Ax=Db Primal Problem
x >0

Assume:

X is a nondegenerate bfs.

A=[B|N]
X
x=| = | ef=[ch|ck]
XN
M- B! —-B™'N
0 I
—B'A,
d, = , Tq i N.D.V.
€q




Fact:

x is optimal <= r, >0 V g€ N.
i.e., ctB71A, <¢, V N

€., Cp g >C VQE

also cEkB™ 1A, =¢, VpeB
Define c5B~! :=w! € R™

w = (wy,wa, ..., wy)! simplex multiplier




Hence w![B | N | <c!
or equivalently ATw < ¢

Moreover,

b’w = wlb
= ch_lb
CEXB

cl'x (xy =0)

But, in general, for AX=b, x>0
blw=wlb=wlAx <clx

Hence we define an associated problem

Max blw
(D) s.t. A'w <c¢ Dual Problem
w e R™



Observation:

(1) Problem (D) is a linear program with m
variables and n constraints. The

right-hand-side vector and the cost vector
change roles in (P) and (D).

(2) Both (P) and (D) are defined by the same
data set (A,b,c).

(3) What’s the linear dual problem of the dual
problem?

Standard Formw=u—v

< £

~Min [-b? | b | 0]

n

(P) s.t. [AT| —AT|I]| v |=c

u,v,s >0



or

or

A b
—A | w< b
T 0

w unrestricted € R"

—Max cl'w

Aw < —b
—Aw <b
w <0

—CTW

—Aw =D
w <0

For x := —w, we have

Min clx

Ax=Db
x>0




Lemma 4.1 Dual of the Dual=Primal.

(4) If x is primal feasible, w is dual feasible, then

CTX = XTC

> xTATw

— biw

( Weak Duality Theorem)

(5) If x is primal feasible, w is dual feasible, and
c’'x =b'w,
then x is primal optimal, and w is dual

optimal.

(6) If the primal is unbounded below, then the
dual is infeasible.

(7) If the dual is unbounded above, then the
primal is infeasible.



(8) Is the converse statement of (6) or (7) true?

No! may be both infeasible.

(9) We can derive a stronger result:

Theorem 4.2 (Strong Duality Theorem)

(a) If either the primal or the dual has a finite
optimum, then so does the other and

min ¢z

x = max b?w ( No duality gap! )
(b) If either problem has an unbounded
objective, then the other has no feasible

solution.
Proof:

(a) Because of observations (3) & (5), we only
have to show that “if the primal has a (finite)
optimal bfs x, the 3 a dual feasible solution w
such that c'x = blw.”

We apply the Simplex method at x, let
w = (B?)"lcp be the simplex multiplier,



then

c— ATw = — \"%

(b) Duality from the Weak Duality Theorem.




Implications:

(1)

(2)

The simplex multiplier w corresponding to a
primal optimal solution x is a dual optimal

solution.

At each iteration of the simplex method, the
simplex multiplier w always satisfies that
cl'x =blw.

However, w is not dual feasible unless rny > 0.

Revised Simplex Method

Keep primal feasibility
and ¢! x = b!'w (no duality gap)
but seeks for dual feasibility.



Applications:

(1) Theorem of Alternatives

“Existence of solutions of systems of equalities
and inequalities”

Theorem 4.3 (Farkas Lemma)
The system

(I) Ax=Db, x>0
has no solution if and only if the system
II) Afw <0, bTw >0

has solution.
Proof: Consider LP

(P) Min 0'x
s.t. Ax=Db
x >0

and its dual
(D) Max blw
s.t. ATw <0

10



Since w = 0 is dual feasible , we know

(P) is infeasible < (D) is unbounded. Now,

(P) is infeasible < (I) has no solution.

(D) is unbounded < (II) has a solution. Hence,

(I) has no solution < (II) has a solution.

Rewording Farkas Lemma

Two systems

() Ax=b, x>0
() ATw <0, bTw >0

Either (I) or (II) has a solution but NOT both.

11



(2) Complementary Slackness

symmetric pair

(P) min c’'x
s.t. Ax>Db
x>0

min ci'x+ 0fs
s.t. Ax—Is=Db
x,8 >0

max blw

12




Let x be primal feasible, w be dual feasible.
Define

s =Ax—-Db >0

s € R™ : primal slackness

r € R"™ : dual slackness

Observation 1:

If r'x=0
complementary slackness
and wls=0

then

(c! —wlA)x =0
and

wl(Ax —b)=0
Hence

clx=wlAx=w'b=>blw

Thus x is primal optimal and w is dual optimal.

13



Observation 2:

On the contrary side, for a feasible pair (x, w),

c'x>wlAx > w'b

If x is primal optimal and w is dual optimal,
then c!'x =wl/Ax=w'b
Hence

(c! —wlA)x =0

and
wl(Ax —b)=0

In summary, we have

Theorem 4.4 (Complementary Slackness)

Let (P) and (D) be a “symmetric pair”,
x is primal feasible, w is dual feasible.

Then x, w are optimal solution pair if and only if

ri=0o0rx; =0 Vj=12,...,n.

si=0orw;, =0 Vi=1,2,...,m.

14



Special Case:

(P) min c’'x
(D) max blw
s.t. Ax=D
0 s.t. ATw<c
X >

T's = 0 is always true.

the condition w
The complementary slackness condition reduces

torix = 0.

Theorem 4.5 ( Kuhn-Tucker Condition )
x is optimal for the problem

(P) min c’'x
s.t. Ax=D
x >0

if and only if there exist w and r such that

()Ax=Db, x>0 (Primal feasibilty)
2)ATw4+r=c, r>0 (Dual feasibilty)
B)rfx=0 (Complementary Slackness)

Proof: Direct Consequence of Thm 4.4.

15



Eiconomic Interpretation of Duality:

(1) Dual Variables

(P) min cl'x (minimize total cost)
s.t. Ax=Db (satisfy demands)

x >0 (different services)

Assume that x* nondegenerate optimal bfs

Xp B b
0 0

7 =cl'x*=c5B b
Since x% = B~'b > 0
Thus B™(b + Ab) > 0 when Ab is small
enough! then
X' B~'(b+ Ab)
0 0

16



is an optimal bfs to
(P) min cf'x
s.t. Ax=b+ Ab
x >0

with z* = cEkB~1(b + Ab)
(Why? No change in r,! )

Moreover,
Nz =Zz%—2*
=cLtB !(b+ Ab)-cLkB™'b
=ctB ' ADb
-y

(simplex multiplier for (P) at optimum!)

Hence, w;: “ marginal price” of the ¢th demand.
Note:
w; indicates the minimum unit price that one has

to charge for additional demand 2.

4

It is also called “ shadow price” or “ equilibrium

price”.
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(2) _Dual Problem

Scenario:

n products to produce

x; = amount of product j, 7=1,2,...,n
m resources in hand

b, = amount of resource z, 1 =1,2,....m
Selling Prices

C1,C2,...,Cp
Technology matrix

| a;; | : each product j consumes a;; units of

resource ¢, 1 = 1,2,...,m, 7 =1,2,...,n.

18



A manufacturer’s point of view:

e Maximize total sales (hence profit)

n

E :ijcj

j=1

e Resource limitation

;11 +a;2ro+...+0;nTn S bz’, 1= 1,2, ce

e Production Requirement
X 5 ZO, j:1,2,...,n

(P) max clx
s.t. Ax<b
x >0

(D) min blw
s.t. ATw>c
w >0

19



Getting Resources

e m resources to purchase from a supplier
w;= unit price to purchase resource 1,

1=1,2,...,m

e Free information market:
Supplier knows your selling price c¢; for
product z; and he/she wants to get the most

out of you. 1.e.
CL1j’w1—|—CL2jUJ2—|—. . .+a,mjwm Z Cj, ] = 1, 2, e
Therefore, we have the dual

min blw (minimize total spending)
s. t. ATw > c (price accepted by the supplier)
w >0

Observations

(i) w] is the max marginal price the
manufacturer is willing to pay the supplier for

resource 1.

20



(i) When resource ¢ is not fully utilized, i.e.
az-lfrff + CL@Q.Z'; + ...+ a,m:r;;kl < b;

the complementary slackness condition
= w; = 0.
This means the manufacturer is not willing to

pay a penny for any additional amount!

(iii) When the supplier asks too much, i.e.
A1;W1 + G2;W2 + ... + Ay j Wy > Cj

then x; = 0.
This means the manufacturer is not going to

produce any product j!
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Sensitivity Analysis

e Post-optimality analysis

min cix
s.t. Ax=D
x >0

c: may change (cost)
b : may change (resource)

A : may change (technology matrix)

Question:

Will x* remain optimal ?
B* remain optimal 7
or How will they change accordingly?

22



Case 1 (c changes)

x* optimal solution, A = [B|N]

/

Given ¢ = [Z,B] € R™ be a perturbation,
N

, [CB+aC/B]A
C— C+ ac =

en +acy] O
ac R
min  z(a) = (c+ ac’)T'x =clx
(P") s.t. Ax=Db
x>0

23



Fact: As o changes,
x*(a) changes, B(a) changes,

2*(«) changes

Question: Within which range [ o, & |,

x* remain optimal?

24



Analysis:

(1) (P) and (P’) have the same feasible domain,
hence x* is feasible to (P’) for any «.

(2) x* remains optimal to (P’) if
. =ch —ctBTIN >0
1.€.,

(cy +ac'y)t — (e +ac’g)'B™IN > 0

(X — LB IN) + a(c'y — ¢ 5B7IN) >0

T '
N TN

1.€.,

'T T
ary = — Ty

25



(3) Case 1. For 7"; >0, qeN

—_r . .
o > —* 18 required, thus
q

T /
= |r,>0, ¢ge N}

o = max{
r
q

otherwise

a=—o0, ifr,<0,VgeN

(4) Case 2. For r;, <0, € N

r . .
a < —1 is required, thus
TC]

q /
; < 0, c N

a = min{
otherwise

a = 00, ifr;EO,VqéN

26



(5) For a € [ @, & ], x* remains optimal.

(cL + ac'5)B~1b

cIB~'b +ac’zB b

2% ()

k : constant

=24+ k «

Thus z*(«) is linear in «.

27



z{a)

e
Q
Q

concave,
piecewise linear

(7) Take

2

c =e; = : — jth place

./

then | ¢; — a, ¢; + & | gives stable range of

the jth cost coeflicient, or how sensitive the

cost component is.

28



Case 2 (b changes)
Let b € R™ be a perturbation.

T

min c'x
(P') s.t. Ax=Db+ ab’
x >0

Ax=Db

x>0

Note: x* may become infeasible !

29



Question: Within which range [ a, @ |,

will B remain as an optimal basis?

Analysis:

(1) B is an optimal basis if
(i) rn? =ck —cEB !N > 0, and

(i) z(a) = [B”(';;Mb’)} >0

(2) (i) always holds, since
c, B, N no change!

but (ii) is not always true.

(3) We need B~ 1(b +ab’) >0
i.e., BT'b+aB~'b’ >0

b b’

i.e., ab’ > —b

30



(i) For b/, > 0, p € B, we need

b —/
Bép| b, > 0,p € B},

max{
Thus o =

— 00

(ii) For b/, < 0, p € B, we need

. —B _/
min{ —%=| b, <0, p € B},
Thus a = {bp| P }
+00

31



linear in !
(5)
z*(a) =cpx*(a)p
=cL(x%, +aB~'b)

AT % Tp—11'
= cpxp +acyB b

k
=24+ k «

again, linear in o!
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Case 3 (A changes):
Usually not so simple.

(Special Case i)

Adding a new variable

A new product, activity becomes available.

min c?

(P,) s. t. Ax —+ An—l—lxn—l—l —b

X + Cn4+1Ln+1

Xy Tn+41 > 0

Analysis:

*

(1) || is a bfs of (P') with [ B | N, Apy1).

(2) XT* is an optimal solution of (P’) if
Tn+1 — Cn41 — CgB_lAn—l—l > 0.

(3) If rpa1 <0, then x,,1 enters the basis and
continue the revised simplex method to find
an optimal solution of (P’).
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(Special Case ii)

Removing a variable

An activity xp is no longer available.

()

(b)

if 7 = 0, then x* remains optimal by

deleting ;..

if 7 > 0, then x;, has to leave the basis.
Can this be done 7 Consider

min T
(PhaseI) s.t. Ax=Db
x>0

*

x* 1s a current bfs to start the revised

simplex solution.

If 25, ; > 0, then removing z;, will cause
infeasibility:.

If 25, ; = 0, then we can start from there to
solve the new problem.
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(Special Case iii)

Adding a new constraint

min c¢fx

(P') s.t. Ax=Db

T
Am41X < bm—i—l
x>0
T —
am—|—1 - (am—l—l,la am—|—1,27 KRN a’m—|—1,n)

a'r'r-1I;lX <: bm+

(x*feasible)

1

(x*infeasible)

35



Analysis:

(1) If al , x* < by,41 then x* remains optimall

(2) If not, x* is not feasible and we have to find a

new basis of dimensionality m + 1.
(3) Consider
min CEXB + C%XN + 0241
(P')s.t. Bxgp+Nxy=Db

(am—l—l)ng + (am+1>j]<]XN + Ln4+1 = bm—i—l

XBy XNy Ln+1 Z 0

_ B 0
B
(am+1)£ 1

then B is a nonsingular (m + 1) x (m + 1)
matrix, and

-1 _ B! 0
—(amt1)5B™ 1

i.e. B is a basis for (P’)!
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(4)

The reduced cost

/ C—B]TB_l[ Aq ]

Tq :Cq_[o Am41,q
=l B1|onamm]
:rq,quN

Since B is an optimal basis to (P), we know

r,=rq>0, Vg€N

i.e, B provides a dual feasible solution
w! =cLB™! for (P).

Define

Al

D —1 b
B~ (577)
0

Al

B
N

then X = (££) is an optimal solution of (P’)
it xg > 0.

Xl
Z

If

x5 =B"(

) 20

then we can apply the dual simplex method

bm—i—l
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to solve (P’).
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Solving the Dual

(D) max blw m variables

s.t. ATw <c n constraints

(D) (=)min —blu+blv+0's 2m + n variables
s.t. ATu— ATv+4+s=c n constraints

u,v,s >0

Apply Revised Simplex Method to (D’)

(i) Dimensionality becomes larger.

(ii) Keep (dual) feasibility
Maintain complementary slackness
Seek (primal) feasibility

39



Dual Simplex Method

e Basic Idea

(1)

Start with a basis

A=[B|N]
such that
w! :=cLB™! is dual feasible, i.e.,
ATw <c
Further define
XpB B~ b
X = —
XN 0
then
r’x = (¢! —wlA)x

=c'x —wlAx
=ctB 'b-cLtB'b
=0

1.e., complementary slackness condition holds.

40



(3) Since

Ax=[B|N][221=BB'b=b.

If xg =B !'b >0, then
we have primal feasibility
and x = | - | is primal optimal,

w! :=cLB™! is dual optimal.

If there exists p € B such that x, <0
then A, may leave the basis
and z, «— 0 becomes nbv.

And we have to pivot-in a nbv z, for ¢ € N.

41



Question 1:
Which z, is entering the basis?

Analysis:

(1) We should keep dual feasibility and

complementary slackness.

(2) Complementary slackness condition always

holds according to the way we define w and x.

(3) The real problem is to keep dual feasibility

while Tp leaves and x, enters.

42



Question 2:

Where is the dual feasibility information?

(Guess: Fundamental martix

N
0 I
B! -B!N
c'M™" =(cplcy)
0 I

— (kB! |k — cEBIN)
~ (W | 1h)

/ AN

dual variable reduced cost

ry > 0 <= dual feasibility

43



Answer:

x, — nonbasic
x, <+ basic
M «— update
We check
M = (w | rh)

for dual feasibility!

Question 3:

Tp — nonbasic
Ty basic

How will M~! change?

Answer: Sherman-Morrison-Woodbury

formula.

44



Lemma 4.2

M : nonsingular n X n matrix.

(Ul\ (Ul\

c R"

\ un \ v )
If w:=1+vIM~tu#0
then

(M + uv!) is nonsingular and
(M +wol) "t =M1 — (1/w)M tuvl' M1

Proof: Check that
(M +uwo)Y M~ — (1/w)M tuwol' M~ = 1.
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Observations:

It takes o(n?) elementary operations to invert
the matrix (M + uv?) directly.

The formula only takes o(n?) elementary

operations.

Sometimes, we call it rank-one updating
method.

For our case

x, — out _
M becomes M

M =M +ey(e, —eq)?t.
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in M,
—1

o
Mo TlTp
v v ) -
i NG
T J— | G o
n o )
<t L0 % —
B 4 » I 1 I 1 ~—
D O O O 59000.|p_.
-~
mmo37 m
4 0 O ~ O n./ “ 0 O o O o o o o H -
226 o B __ N e <t
8 37100\_/ m ~ - O O =
— 0 M —~ I_I
il | N © O O o $5 26000?.@ eq_ _
— 10 O O O - - 10 O O +A _ n O O O -
__ l _1 l _Teq ep
[ [ ——
.. = M~ - O O
.P.u M + _M = +
N © O o O
@ w e M
+~
nm@ % Q%__ - 10 O O O
en | |
P _ = 8
|
] & = &=




1 2 3 4 5 0 0 0 0 0
5 6 7 8 9 0O 0 0 0 0

—_— O 0 1 0 O0 -+ O 0 0 O 0
o 0o 0 1 o0 0O 0 0 0 0
l o o o o 1 | | 1 0 0o o -1
[ 1 2 3 4 5 7]
5 6 7 8 9

= o 0o 1 0 0
o 0o 0 1 o0
| 1 0o o o o |

= M.

Let u=e,, v= (e, —egy)

M—l _ M—l . M_1+€q(€p_eq)TM_1

14+(ep—eq)TM—1e,

Notice that

el M~1 = gqth row of M~!

q
T
=€,
Hence

M_l _ Al M_leq(egM_l—eg)
_ I+el'M~1leg—eleq
—1 Tag—1_ T
_ M_l _ M eq(epM —eq)

T A —1
epM €q
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Since (w,r%) = ¢l M~1, we have

(w,7%) =ctM™!
= (M M ),
_ (w,rT) cTMle?;\;gi\qu—eqT)
We define
ul' = e;‘fB_l
yj =u'A;
then
W =W+ YU
T =15 =Y, Vi€ N—{q}
rp =%
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Observatios:

1. u' =e/B™" = u" is the pth row of B~
2. y, =ul A, = —d where d? = -B 1A,

3. To maintain dual feasibility, we need

and
r;=r; —y; >0, Vj € N—{q}.

Case 1:

If 37 € N such that y; <0
then =2 > —~ is required.

Yj
Therefore q is chosen by the min-ratio test,

1.€.,
_fr’ _f,".
— =min{— | y; <0,j € N}
Yq Yj
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Case 2:

If y >0, VjeN
then y; =ulA; = egB_lAj, j € N.
and e/ B'A=¢/B7'[B|N]>0.
Thus e.B 'Ax >0, Vx > 0, x feasible.
|

Th-1n _ T«  _
epB b—erB—xp. —— 1z, <0

Therefore there is no primal feasible solution!

Step-by-Step Algorithm

§ 5.3

o1



How to start the Dual Simplex Method?

(P) min cl'x
(D) max blw

s.t. Ax=Db
s.t. ATw<c
x >0
A =B | N |, B,,xm nonsingular matrix.
wl =cLtB™!
AlTw < ¢?

(D) max elBlw

s.t. ATw<c
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Observations:

(1) x = () is a primal bfs of (P’).

(2) (D) and (D’) have the same feasible domain.

(3) Apply the revised simplex method to (P),

either it stops at an optimal solution, or find
(P’) is unbounded.

(4) If it stops at an optimal solution, then
w*! =L, (B*)~! is feasible to (D).

Hence w* is feasible to (D).

(5) If (P’) is unbounded, then we find a feasible
direction d, such that Ad =0, d > 0 and
cl'd < 0.

Hence (P) is also unbounded
and (D) must be infeasible!
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Remarks:

(1) Solving a standard form LP by the dual
simplex method is mathematically
equivalently to solving its dual LP by the

revised (primal) simplex method.

(2) The work of solving an LP by the dual
simplex method is about the same as of by

the revised (primal) simplex method.

(3) The dual simplex method is useful for the

sensitivity analysis.
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0 Computer Implementation of the
Dual Simplex Method

Step 1 (starting with a feasible basic solution):

In the primal problem, given,
B=[A; A Ay, Ay

B = [j17j27j37 . ]m]
A dual basic feasible solution w can be
obtained by solving

BTW =CB
Compute the reduced cost r with

?“j:Cj—WTAj, Vj¢]§

Step 2 (checking for optimality):
Compute xp by solving

BXB —b
If xg > 0, then STOP. The current solution
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XpB B~ b

XN 0

is optimal.
Otherwise go to Step 3.

Step 3 (leaving the basis):
Choose a basic variable x;, <0 with index

jp € B.

Step 4 (checking for infeasibility):
Compute u by solving

T, _
B'u=e¢e,
Also compute

Y; — uTAj7 \V/] ¢ ]§

Ify; >0, Vj ¢ B; then STOP. The primal
problem is infeasible.
Otherwise go to Step 5.
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Step 5 (entering the basis):
Choose a nonbasic variable z, by the

minimum ratio test

—r —7r ~
—q:mm{ — ly; <0,j ¢ B
Yq Yj
Set
—r
_ 9 _ —
Yq
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Step 6 (updating the reduced costs):

r; — r;—y; Vig¢B, j#q

Ty, < —%

Step 7 (updating the current solution and
basis):
Compute d by solving

Bd = —A,
Set

Zj, —%>
T, — Q= —
! Yq ( dp
r;, — x4 +ad;,, Vi,eB, i#p
B «— B+[4,—Aj]e.
B — BuU{g}\ {jp}

Go to Step 2.
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Example

Minimize

S.t

—25131
X1
X1

L1,

+T9
‘|‘£E4

L2,

+x3

L3,

L4

Step 1 (starting): Choose B = {1,4}

B =

1
1

0
1

Y

Then the dual solution

T_TRp-1_
wo =cpB7 =

Cp =

Computing r;, Vj ¢ B, we have

ro = 1,73 = 2, which implies that w is dual

feasible.

Step 2

59

(checking for optimality):

'V



Xp = =B b=
T4 —1

the corresponding primal vector is infeasible.

60



Step 3 (leaving the basis):
r4 < 0 (the second element in B), x4 leaves
the basis and let p = 2.

Step 4 (checking infeasibility):

ul =elB 1 =[-1 1]
and

Yo = UTA2 = —1, Yz = uTA3 = —1

Step 5 (entering the basis):
Take the minimum ratio test

T2 . { —1 —2}
—— = min : =1=—x
Y2 -1 -1

Therefore x5 is entering the basis and p = 2.

Step 6 (updating the reduced cost):
ry=—y=1landr3=2—~vyys =1

(note that r5 has been changed from 1 to 0 as
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xo enters the basis.)

Step 7 (updating current solution and basis):
Solving for d in Bd = — A5, we obtain

—1
1

d =

Also

L4
Y2
r1=2—1x1=1

To = = =1

Thus the new primal vector has r1 = x5 =1
(and nonbasic variables x3 = x4 = 0).

Since it’s nonnegative, we know it’s a optimal
solution to the original linear program.

The corresponding optimal basis B becomes

1 1
1 0
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