The Simplex Method
(George B. Dantzig 1947)

Min cl'x
(LP) s.t. Ax=Db Primal Problem
x >0

Facts:

Cor. 222:IfP+#0, 3veP.

Thm 2.3: If P # () and z is not unbounded, then
J v € P such that z* = cl'v.

Cor. 2.2.2: P has finite number of extreme

points (vertices).




Observation:

(1) When (") is small, we can enumerate
through all bfs and find the optimal
solutions.

(2) When (") is large, we need a systematic and

efficient way to do this!

— Simplex Method.



Basic Idea of Simplex Method

Phase I: (Starting)
To find an initial extreme point (ep) or P = ().

Phase II:

Step 1: (Check Optimality)
If current ep is optimal, STOP! Otherwise,

Step 2: (Pivoting)
Move to a better ep.
Go to Step 1.



Observation:
The algorithm terminates in finite steps.

Question:
How to identity an exterme point?




Cor. 2.1.1: A point x € P is an extreme point of

P iff x is a bfs corresponding to some basis B.

Cor. 2.1.2: 3 at most

<:7,> - m!(nnl m)!

bfs, when rank(A) = m < n a bfs is obtained by

A=[B|N]
-

L | X8
XN

Set x = 0 and calculate xg = B~ 'b.



Basic Idea of Simplex Method

Phase I: (Starting)
To find an initial basic feasible solution (bfs) or
P=1.

Phase 11:

Step 1: (Check Optimality)
If current bfs is optimal, STOP! Otherwise,

Step 2: (Pivoting)
Move to a better bfs.
Go to Step 1.



Question:

When we move from one bfs to another bfs, do we
really move from one extreme point to another

extreme point?

Answer:

Not necessary!



Example:

r1 + xo < 40 r1 + xzo+ 51 = 40
2x1 + o < 60 PN 2x1 + 9 +s9 = 60
x] < 20 T +sg3 = 20
x1,x9 > 0. r1,x9, S1, 59, s3 > 0.

H=(3)

(1)BV ={=zq1,z2,s1}t (2)BV ={x1,29,s2} (3)BV ={z1,z92,s3}
NBV = {sg,s3} NBV = {s1,s3} NBV = {s1,s9}



Observation:

(1) If an ep is determined by a bfs with exactly
m positive basic variables and n — m zero
non-basic variables, then the correspondence
i1s one-to-one.

— Nondegenerate bfs.

(2) Only when there exists at least one basic
variable= 0, then the ep may correspond to
more than one bfs.

— Degenerate bfs.

Terminology: An LP is nondegenerate if all bfs
are nondegenerate.




Property 1: If a bfs x is nondegenerate, then x

is uniquely determined by n hyperplanes.

Why?
A=[B|N]
_ - _ » -
XRB B~'b
X —= p—
XN 0
Consider ] )
B N
M =
0 1

then M is nonsingular, and

B N XB b
MX: —
0 I XN 0
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XB LN
Hence x = =M~ is uniquely
XN 0

determined f)y n li_nearly independent
hyperplanes.

Question: M~ =?

Answer:

B-! -B'N
0 |

M~ =

i.e. M1 is known when B~! is known!

We call it a Fundamental Matriz.
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Property 2: If a bfs x is degenerate, then x is
over-determined by more than n hyperplanes.

Why? Except

B N XB b
0 I XN 0

J at least one more x; € xg such that x; = 0.
(another hyperplane!!)
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Property 3: For a degenerate bfs x with p(< m)

positive components, we may have up to

n—p \ _ (n —p)!

n—m B (n —m)!(m — p)!

different bfs corresponding to the exterme point.
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Simplex Method Under Nondegeneracy

Basic Idea:
Moving from one bfs (ep) to another bfs (ep) with

a simple pivoting scheme.

Definition:
Two bifs are adjacent if they have m — 1 basic

variables in common.
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Observation:

(1) Under nondegeneracy, every extreme point

have exactly n — m adjacent extreme points.

(2) For a bfs, each adjacent bfs can be reached by
increasing one nonbaisc variable from zero to
positive and decreasing one basic variable

from positive to zero.

[ See Example ]
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Example:

VA

40
60

40

20

y Uc

16

20
20

30
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Terminology:

prvoting

e One nonbasic variable enters the basis.

e One basic variable leaves the basis.

X dyin R"

pivoting by increasing

a nonbasic Xq

x! =x% 4+ \d, for A > 0.
edge direction step length
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Question:
How to find an edge direction?

Hint:

(1) There should be n — m edge directions
leading to the adjacent extreme points.

(2) d, € R” for x, n.b.v.

B-! -B "IN

R I
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Conjecture:

d, is in the column in M~ corresponding to x,,

7.€.
[ —B'A, \
0
4 — 0
q 1 )
0
\ o)
where
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Example

Tr1 + T2 + X3 = 40
{ 2z + x9 +x4 = 60
L L1,L2,T3,T4 ZO

1 0

A =

2 1 0 1
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At va, BV ={x3,24}, NBV = {x1, 22}

o N[

0 1 2 1
(10 1 1)

01 21| ., (1

M = Bl =

0 0 1 0 0
L0 00 1)

(10 -1 -1)

I B e

00 1 0

\0 0 0 1 )
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In general, for A >0

(=32

x(AD)=x+Xd,=| — |+

Proof:
(1) For nonbasic variables, all are kept at zero,

except x, increases by A. i.e.

()

xnv(\) =xny + M|

\ o)
(2) For basic variables, since Bxp + Nxy = b,
thus xg = B~'b — B~ 'Nxy,

when z, increases by A and the rest n.b.v are
kept at 0, then xg(A\) =B~ 'b - AB7'A,,
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Hence

(Question:

Is an edge direction d, always a
feasible direction?
i.e., for small enough A > 0, x(\) =x+ A\d, € P.

| Hint: Has to show that Ax(A\) =b < Ad, =0
and x(A) >0 |
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Facts:
(1) Ad, = 0 can be derived from MM ™! = 1.

(2) For nondegenerate case,

~_B~1A,

X(A) =x+ A

Cq

Hence x(\) > 0 when A is small enough.
1.e., under nondegeneracy,

an edge direction d, is a feasible direction!
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(3) For degenerate case, Not necessary!

(\ d, not afeasible
direction
)
-BA,
X(A) =x+ A

Cq

say x; = 0, no mater how small A is, x;(A) <0 !!
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(Question: Which edge direction is a “good”

direction to move?
i.e., which n.b.v. is a good candidate to “pivot

in”?

Observationl:

z(x()\)) =clx(\)

=cl'(x+ Ad,)
~-B 1A
= 4 + Nchle4] :
€q
=z(x) + A, — cEB71A ]

z(x) + Ar,

If r,=c'd,=c;,—c5B*A, <0, then

d, is a good direction!
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Theorem 3.2

B b . .
If x= is a bfs with B and r, < 0 for
0
—B_lAq
some n.b.v. z,, then d, = c R"
Cq

leads to an improved objective value.
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Observation2:
For a basic variable z, € B,

_ 1
rq = q—cBB A
— Cq — Cq

= 0.

Observationd:
Any d, (x4 n.b.v.) with r, < 0 will do for the

simplex method. The one with most reduced cost

can be found by

. Cde
min

jJ:nonbasic de H
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Question:

Ifr, >0, V nb.v. x4, is the current bfs optimal?

(Guess?

Vy € P,
Yy = X+yQ1dCI1 +qudq27 yqlaqu Z O

Hence

c'y =c'x+ygc'dy +ype'dy, >c'x+0=c'x
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Theorem 3.1

B~ 'b
Given a bfs x? = with basis B, if
0

re > 0, Vnb.vz, then xis optimal.

Proof:
VyeP, y= YB >0, Ay=Db
yn
Note x4 = 0 and Ax” = b
Thus
_B N_ _ X0 |
M(y -x°) = s
0 I YN
| b=b
YN
0

yn
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with yny =

— M1 0
YN
B! -B'N
0 I
~-B !N
YN
|
quNyqdq
> ()

ey = X0+ e Yady

Hence c’'y > ¢'x", Vy € P.
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Observationl:
A bfs x is the unique optimal solution, it r, > 0,

Vnb.v. z,.

Observation2:
If x is an optimal bfs with

TqrsTqey---sTq, = 0,
then any point y € P such that
y =X+ Zle Yq, dg, 18 also optimal.
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Question:
Is the converse statement of Thm 3.1 true?

1.€.,

“If a bfs x is optimal, then r, > 0, V n.b.v z,.”

Answer:

True only for the nondergeneracy case.

For degeneray case:

dg With rqg <O
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step size length

Question:
How far should we go such that x(a) is an
adjacent bifs?

Analysis:
x(a) =x+ad,, a>0.
Remember that Ad, = 0, thus Ax(a) = Ax = b.

Casel: d, > 0, then x(a) > 0, Va > 0.
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Hence x(a) € P, V a >0 and

c'x(a) =c'x +actd;, — —o0, as a — +o0.

Theorem 3.3

If x is a bfs with d;, > 0 and r, < 0, for some
n.b.v. z,, then the LP is unbounded.

~-B'A
Note: d, = 2| . Define w = B A,

€q

then
d, >0 <— w<0
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Case2: d, has at least one component < 0.
To keep x(a) > 0, we have to choose

: L
a= min { —
1:basic —dqi

|dqz'<0}.

Notel: d,; < 0 can only happen for basic variables
(CIZZ' c B)

Note2: « is determined by the
Minimum ratio test.

Noted: Under nondegeneracy,

x; > 0 for b.v. z;

= a >0

= x () is a different extreme point.

For degenerate bfs, it is possible x; = 0, then
a =10

= x(«) stays at the same extreme point.
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Theorem 3.3

Given that x is a bfs, then x(a) = x + ad,, is an
adjacent bfs, if o is determined by the Minimum
Ratio Test.

| Under nondegeneracy, x(a) moves to a

neighboring extreme point. |
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Key Steps of Simplex Method

Stepl: Find a bfs x with A = [B|N].
Step2: Check for n.b.v’s

ry =c d,(=c, — c5EBT'A,).

If r, > 0, V nonbasic x4, then the current bfs
is optimal.
Otherwise, pick one r, < 0. Go to next step.

Step3: If d, > 0, then LP is unbounded.
Otherwise, find

)

a = min {
1:basic _d%

| dg, <0 }.

Then x + x + ad, is a new bfs.

Update B and N. Go to Step 2.

Theorem 3.5 Under nondegeneracy, Simplex

Method terminates in finite iterations.
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0,1

.

(0,0)

(1, 1)
P
., (1,0)
dl
min

Min -Xx1-X »

st. X3 <1
Xo<1

X1, Xo=>0

—X1 — T2
I —|—.2173:1
To + x4 =1

L1,T2,T3,L4 2 0

bfs#1: b.v. {z3,z4}, n.b.v. {x1, 22}

1
1
X —=
0
_O_
I 01 0
A = [B|N] =
0O 1 0 1
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0

0
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Pick d'(# 0), so z; enters the basis.

. L 1 I3 1
a:mz'm{——d}‘di<0}:—di3:_—_1:1
1] 1 0
. 1 0 1
X —X+ad = +1 =
0 1 1
0 0| 0

So, x3 leaves the basis.

bfs#2: b.v. {x1,z4}, n.b.v. {x3, 22}

1 01 0

A = B|N| =
01 0 1
10 -1 0
Mol |01 0 -
00 1 0
00 0 1 |
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__1_
T 13 0
rs=c'd®>=[-100 —1] =1>0
1
_O_
_O_
T 12 —1
ro=c d*=[-100 — 1] =-1<0
0
- 1 —

Pick d?(# 0), so x5 enters the basis.

L4 1

= ———:1
—dz.

0%

1
1 —1
0

-]
o O

0 1

So, x4 leaves the basis.
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bfs#3: b.v. {z1,22}, n.b.v. {z3, x4}

1 0 1 0
A = [BIN] =
0O 1 0 1
(10 -1 0 |
el |01 0
0 0 1 0
00 0 1
-
rg =cld?=[—-1 —100] (1) =1>0
- O —
-
rg=cfat = -1 —100 | ' | =150
0
- 1 —
x = (optimall!)

O O = K=
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How to start the Simplex Method?

Min cl'x
(LP) s.t. Ax=b(>0)
x>0
Min Z:il (7
(PhI) s.t. Ax+Iu=b(>0)
x,u >0
uy
U2
u= . (artificial variables)
U,
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Observations

1. u=0b,x =0 is a bfs of (PhI).
2. (PhlI) is bounded below by 0.
3. (LP) is feasible if and only if z},, ; =0

4. Under nondegeneracy, if zp;,; = 0, then an
optimal solution of (Phl) is a bfs of (LP).

5. If z,,; = 0 at an optimal bfs which is

degenerate with at least one artificial variable

u; 1n the basis.

Suppose that u; = 0 is the k-th basic variable

in the current basis, then

(1) if ef B"1A, # 0 for a n.b.v. z,, then u;
can be replaced by z, to form a starting
basis.

(2) if e, B"'A, =0, Vn.b.v. z,, then the
k-th row of Ax = b is redundant. We

remove it and start again.
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Big-M Method: For a large M > 0,

Min  »75 ¢z + >0 Mu,
s. t. Ax+ Tu=b(>0)
x,u >0

Observations

1. x=0,u=>1b, is a bfs.

2. z* can be finite at an optimal solution

(x*,u*) or unbounded below.

3. Suppose z* is finite at (x*,z*). If

(i) u* =0,
then V x feasible to (LP), () is feasible to
(big-M). Thus

ch+M><OZCTX*+MZu;‘
i=1
cl'x>celx*+0

i.e., X* is optimal to (LP).
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(i) u* # 0,
then for x feasible to (LP), () is feasible
to (big-M) and

CTX—l—]W><OZc:'j:)c*—|—]\4z:u;-k
i=1

But this is impossible for M is large
enough. Hence P = 0.

4. If z* — —oo with all u; = 0, then (LP) is
unbounded below. Otherwise, P = (.
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Problem How big is big?

Example

Min x4
(LP) s. t. exy —x2—x3=2¢€ (¢ >0)

L1,T2,X3 2 0.

Observation z, = <H22tes

= | 0 | is the optimal bfs with z* =1

Min x1+ Mu
S. 1. €1 —T9—x3+U=¢€

L1, XL2,L3,U Z 0.

Observation
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(2) =

o O O

M

1
0
0
0

is a bfs with z = Me.

is a bfs with z = 1.

(3) To make sure (Big-M) generates a bfs to
(LP), we need Me >1or M > 1/e.

But remeber that € can be arbitrarily small!
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Prevent Cycling

Problem: When degenerate, z, = 0 for some

b.v. Tp

= step-length a = 0

=z =clx = cL5B71b is not strictly decreasing

Idea: Keep something strictly monotone.

Lexicographic Rule (1955)

[czB~'b [ cpB™]
Bland’s Rule

leaving and entering order

50



